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Executive Summary
The aim of DESTination RAIL is to provide solutions for a number of problems faced by EU
rail infrastructure managers. At present Infrastructure Managers make safety critical
investment decisions based on poor data and an overreliance on visual assessment. As a
consequence, their estimates of risk are therefore highly questionable and large-scale
failures are happening with increasingly regularity. As the European rail Infrastructure
network ages, investment becomes more challenging. As a result, reliability and safety are
reduced, users’ perception of these is negative and the policy move to increased use of rail
transport is unsuccessful. The objective of this project (safer, reliable and efficient rail
infrastructure) will be achieved through a holistic management tool based on the FACT
(Find, Analyse, Classify, Treat) principle.
This deliverable details Task 2.1 of the DESTination RAIL project – Development of a
Guideline for Probability Based Multi Criteria Performance Optimisation of Railway
Infrastructure. All task objectives proposed in the description of work have been successfully
achieved and are described in the following chapters.
The methodology is developed for various aspects of railway infrastructure including
structures, earthworks and tracks. The developed basis will provide Infrastructure
Owners/Managers with the facility to optimise budgets/resources from the perspectives of
minimisation of cost. As well as giving an overview of all assessment levels and a detailed
review of probabilistic assessment, this report details the current state of the art in the
following areas:






Uncertainty modelling
Load modelling
Modelling of resistance variables
Statistical updating of variables from measurement
Stochastic representation of deterioration

While the basis developed herein may be considered as a standalone assessment
procedure, crucially, it also feeds into risk assessment, risk ranking and life cycle analysis
tools developed as part of Work Packages 3 and 4 of the DESTination RAIL project.
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1 Introduction
The aim of DESTination RAIL is to provide solutions for a number of problems faced by EU
rail infrastructure managers. The objective of this project (safer, reliable and efficient rail
infrastructure) will be achieved through a holistic management tool based on the FACT
(Find, Analyse, Classify, Treat) principle.
This deliverable details Task 2.1 of the DESTination RAIL project – Development of a
Guideline for Probability Based Multi Criteria Performance Optimisation of Railway
Infrastructure. The developed basis will provide Infrastructure Owners/Managers with the
facility to optimise budgets/resources from the perspectives of minimisation of cost. A
probabilistic basis is selected as it facilitates stochastic modelling of the governing variables
concerned with railway infrastructure life cycle performance optimisation, e.g. loading and
load evolution, resistance and resistance deterioration with time, effects of alternative
intervention strategies etc. Significantly the development of a probabilistic basis also
facilitates statistical updating of distributions of modelled variables where this becomes
available through instrumentation or structural health monitoring. Figure 1 illustrates a brief
overview of the probability based assessment procedure.

Figure 1. Outline of reliability based assessment
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2 Assessment Procedure
2.1 Introduction
The safety and serviceability of existing railway infrastructure may need to be evaluated for a
variety of reasons, for example, due to:






changes of use or increase of loads (e.g. increased axle load limits or when there is a
necessity to carry an exceptionally heavy load that is normally not permitted),
effects of deterioration (e.g. corrosion, fatigue, climate change),
an extension of the design working life
damage as a result of extreme loading events or accidental actions and/or
concern about design/construction errors or the quality of building materials and
workmanship.

A change in use or increase in allowable loads is considered to be the main reason for
safety and serviceability assessments. An element of infrastructure (e.g. a slope) designed
according to out-dated design codes may have to be checked against new codes and new
traffic load requirements, for example, in the case where it is going to be reused within a new
railway link.
The changes in structural resistance due to the effects of deterioration are structure and site
specific. The main deterioration processes concerning structural strength are corrosion and
fatigue. Typical indications of deterioration include; spalling, cracking, and degraded surface
conditions. Furthermore, impact, earthquake or extreme wind can also result in structural
damage. The remaining load carrying capacity needs to be analysed after such events.
The design of new infrastructure and/or the assessment of existing infrastructure requires
different approaches and thought processes. When carrying out an assessment an engineer
must answer the question: ’is the infrastructural element still sufficiently safe?’ (SB-LRA,
2007). This is quite different to the questions faced by engineers during the design process
of new infrastructure. Therefore, the question cannot be answered using the same methods
i.e. using traditional safety checking procedures from design codes. It is implicit then that,
the procedures for assessment differ from those for design. For an assessment the most
suitable method will depend on the objectives of the assessment and the required capacity.
A wide range of different assessment procedures exist with varying levels of sophistication
and effort. Assessment should begin with the least complex methodology and then proceed
in stages of increasing sophistication, aiming at greater precision in the result, where
required, at each higher level. Advanced methods, i.e. those of the greatest level of
sophistication, may only be needed when simpler methods lead to results suggesting
rehabilitation or decommissioning. Of the advanced methods available, and outlined in this
report, the highest level considered entails the application of reliability based methods
(Melchers (1999), O’Connor et al. (2009)).
This chapter details the concepts and procedures which are possible to employ in the safety
and serviceability assessment of existing railway infrastructure. At first the types of
assessment are defined and the classification and criteria for assessment are then specified.
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Subsequently the different levels of assessment recommended for the safety assessment of
existing railway infrastructure are presented. Detailed information and guidance is also
provided regarding possible refinement of a safety assessment. This includes information on
data acquisition, different types of structural analysis and various safety formats for different
levels of assessment.

2.2 Types of assessment
The required level of detail and type of assessment will vary as shown in Figure 2.1. The
decision on the type and detail will depend on the reasons for performing the assessment.
The Guideline for Load and Resistance Assessment of Existing European Railway Bridges
(SB-LRA, 2007) produced during the Sustainable Bridges Project provides details of varying
assessment levels for bridge structures. The theory may be applied to any rail infrastructural
object such as slopes or sections of track. A summary is provided herein for bridges:
1. Line assessment
Many railway lines in Europe are classified according to the UIC 700 (UIC, 2004). The
classification links the capacity of the line to the allowable axle load and line load of the
goods wagons. When an upgrade of a line is required, this will entail a capacity assessment
of the existing infrastructure along the line (e.g. a number of railway bridges). A line
assessment would therefore typically initiate a primary sorting in order to identify the
potentially critical bridges. Such primary sorting could be carried out by a simple comparison
between the original design load and the classification load considering different simple
static systems and span lengths. For the identified 'critical bridges', where the classification
load is more unfavourable compared to the original design load, the assessment is then
carried out at an individual bridge level.
2. Bridge assessment
Typical load, capacity and resistance assessment is carried out at bridge level. There are
two types of analysis. Either the bridge is analysed for the critical elements and the ultimate
capacity is found equal to the lowest capacity of the bridge elements or the bridge is
analysed as a system including the possible redundancy by treating the bridge as a
"system".
3. Element assessment
Element assessment can either be part of a bridge assessment or be a standalone
investigation. The latter can be relevant if, for example, an element is damaged or
deteriorated.
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Figure 2. Types of assessment

2.3 Criteria for assessment
The assessment process must always begin with the clear specification of the assessment
objective. This first step is crucial to identify the most important limit states. Having identified
the significant limit states, the associated structural variables to be investigated and the
assessment procedure can be selected. There are many different assessment procedures,
with varying complexity. The choice of the appropriate procedure depends highly on the
specified requirements of the assessment.

9

D2.1 Guideline for Probability Based Multi Criteria Performance Optimisation of
Railway Infrastructure
DESTination RAIL – Decision Support Tool for Rail Infrastructure Managers

Railway infrastructure is typically assessed taking into account the following criteria:





Ultimate Limit State, ULS
Serviceability Limit State, SLS
Fatigue Limit State, FLS
Durability Limit State, DLS

The ultimate limit states concern the cases where the safety of persons and/or the safety of
the infrastructure is considered, for example, loss of equilibrium of a structure or parts of it as
a rigid body (e.g. overturning), attainment of the maximum resistance capacity,
transformation of the structure or part of it into a mechanism or instability of the structure or
part of it. The serviceability limit states concern the cases where the following are
considered: the functioning of the infrastructure or infrastructural element under normal use,
the comfort of passengers and the appearance. Often fatigue limit states are part of either
the serviceability or the ultimate limit states. This is because, although fatigue may lead to
the collapse of the structure and should therefore be considered as an ultimate limit state,
the normal service loads are used in checking the limit state. Therefore, it is recommended
in this Guideline to handle fatigue separately. Assessment of service life belongs to the class
of durability limit state.
It should be noted that railway structure assessments require special attention to the fatigue
limit state and serviceability limit states taking into account ballast instability and comfort
requirements. In fact, when assessing bridges for higher speeds, the ballast instability
requirement often results in a need for strengthening even though the ultimate limit state
satisfies the requirements.

2.4 Classification of assessment
The core objectives of an assessment are to analyse the current load carrying capacity and
predict the future performance with maximum accuracy and minimum effort. In most cases it
is wise to start with simple conservative methods and advance to more sophisticated
assessment methods only when the evaluated load carrying capacity is insufficient.
In general, assessment procedures can be classified into three groups (SAMCO, 2006): nonformal assessment, measurement based assessment and model based assessment (Table
2.1).
1. Non-formal assessment
Non formal assessment methods include those which are based on the experience and
judgement of the assessing engineer. Most non-formal assessments take place within an
infrastructure management system, where the structural condition is evaluated on the basis
of visual inspections. Results of a visual inspection can be considered to be conservative.
Nevertheless, they allow:



A rapid evaluation of the overall condition of a large number of structures
Prediction of future trends based on past observations and experience
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Easy collection of data for defining maintenance and repair strategies and their
associated costs

The results from a visual inspection, the visual observations (extent and severity of damage),
are used to assess the conditions of infrastructure based on an arbitrary scale, generally
ranging from “good” condition to “very poor” condition. The main advantages of a visual
inspection are their simplicity, low cost and easy link with maintenance strategies, as
maintenance options may be directly associated with condition ratings and classes of visual
deterioration. Their main disadvantages are their subjectivity, they cannot detect latent
defects or defects at early stages of deterioration (e.g. initiation of corrosion) and no direct
information may be derived on the structural deterioration (SAMARIS D30, 2006).
2. Measurement based assessment
In this category are assessments where the load effects are not determined by structural
analysis but directly by measurement (e.g. performance of structural health monitoring, proof
load tests, Weigh in Motion (WIM) systems). The method is only able to verify structural
sufficiency within the Serviceability Limit State since only serviceability measures can be
determined directly. It is a two-component procedure involving:



measurement of load effects
serviceability verification

In general, measurement based assessments are not complex. An example application is
the evaluation of serviceability limit states like displacement or dynamic behaviour after
installing instrumentation on a structure. The assessment of monitored structures and those
which are deemed to be almost structurally insufficient may also be based on this method.
Measurement based assessment will therefore not be described in detail within this
document.
3. Model based assessment
This category includes all assessments where the load effects are determined by model
based structural analysis. This document will focus primarily on these assessment
procedures where assessments are ranked from level 1 to level 5, with the level of
complexity and detail increasing with increasing levels, as discussed in Section 2.5.
Using this method, Ultimate Limit States and Serviceability Limit States can be modelled and
therefore assessed. Each assessment level consists of 3 components (SAMCO, 2006):




acquisition of data of loading and resistance (condition assessment)
calculation of load effects using structural models (structural analysis)
safety and serviceability verification

The condition assessment consists of examining existing documents and visiting the
infrastructural element being assessed for an inspection. The aim of the inspection is to
identify areas of deterioration (e.g. delamination, material losses, cracking, etc.) that need to
be investigated in more detail (e.g. by more detailed inspections or employing
instrumentation/structural health monitoring) in order to determine the cause and extent of
damage and its effect on the behaviour and load carrying capacity. For most railway
11
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infrastructure, simple checks based on information from existing documentation and visual
inspections may be enough to prove safety. However, in some cases, for example
’substandard bridges’ or 'critical bridges', more detailed investigation and sophisticated
analysis (e.g. non-linear structural analysis, probabilistic safety analysis, etc.) may be
necessary. In this step, structural analysis is performed to determine the load effects in the
structure due to the actual applied loading.
Finally, safety and serviceability verification can be carried out with different levels of
sophistication. Generally, deterministic, semi-probabilistic and probabilistic formats can be
used. In general, safety and serviceability verifications should be carried out using limit state
principles with characteristic values and partial safety factors. If more refined methods are
necessary, probabilistic approaches may be applied, as appropriate (O’Connor, 2009).

2.5 Assessment levels (for model based assessment)
Safety assessments are performed to check the capacity to safely carry or resist a specific
loading level and to identify those elements of the infrastructure which are inadequate to
carry or resist a required loading, e.g. structures which have an unacceptable probability of
failure. The consequences of finding a structure to be inadequate can be costly to both
owners and users. The main options available after deeming inadequacy are replacement or
strengthening to ensure safety with respect to the required loading, or, to restrict the loading
to facilitate temporary operation. It is therefore critical to perform assessments of doubtful
elements as accurately as possible. However, theoretically complex and rigorous
assessment can be costly and time consuming. Therefore, it is advisable that when an
element of railway infrastructural fails an initial assessment, that the cost and time
implications should be considered when advancing to more rigorous levels. The likelihood of
changing the result should also be carefully considered. In some cases, the end result
becomes self-evident at an early stage and then the decision to terminate or continue the
assessment can be taken at that stage.
Generally, when carrying out a particular assessment, each of the steps within the
assessment (i.e. condition assessment, structural analysis and safety verification) should be
of the same level of sophistication. For example, it is not advisable to obtain resistance and
load parameters using simple but imprecise methods and then using full probability based
methods for the safety verification.
There are, however, some exceptional cases where the combination of methods with low
and high complexity is advisable (SAMCO, 2006). For example, if a structure fails the first
low level assessment and the structure specific resistance and load parameters are then
obtained for the next step assessment using more refined investigation methods like nondestructive testing (NDT), the structural analysis and the verification can be carried out with
the same simple methods as in the first step.
The five levels of assessment recommended, in this document, vary in complexity from
simple but conservative to complex but more accurate. These levels of assessment,
numbered 1 to 5 with Level 1 being the simplest and Level 5 the most sophisticated, are well
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explained in the literature, including the COST 345 report (2004). Details from the COST 345
report are also given below and in
Table 1 (from SAMCO, 2006).
An assessment at level 1 is carried out with traditional methods of analysis (simple,
convenient and 'often' conservative) while assessment at higher levels will involve more
refined methods of analysis. The number of parameters required increases with the level of
assessment. Therefore, parameters for lower levels of assessment can be based on visual
observations, but parameters for higher levels of assessment should be estimated from
testing. Hence, full partial factors from assessment standards (which are typically less
conservative than those employed at the design stage) can be used for level 1. However,
characteristic strengths of materials must be based on existing data for level 2 (from the
same or similar infrastructure) and on tests on the infrastructural element being assessed for
level 3 or higher. Level 4 uses modified partial safety factors to account for any additional
safety characteristics specific to the infrastructure being assessed and level 5 uses structural
reliability analysis instead of partial safety factors. Analysis methods which are
recommended for different assessment levels are presented in Table 2 (from Cost 345,
2004).


Level 1 assessment

In a level 1 assessment, only simple analysis methods are necessary and deterministic
safety verifications (calculated based on permissible stresses) are used to give a
conservative estimate of load carrying capacity.


Level 2 assessment

Level 2 assessment involves the use of more refined analysis and better structural
idealisation. The more refined analysis may include, e.g. grillage analysis or possibly finite
element analysis when it is considered that these may improve the result. Non-linear and
plastic methods of analysis (e.g. yield line or orthotropic grillages) may also be used (COST
345, 2004).
This level also includes the determination of characteristic strengths for materials based on
existing available data. This may be in the form of existing mill test certificates or recent tests
on similar railway infrastructure. No new tests would be carried out for a Level 2
assessment. If any new tests are to be carried out on the structure being assessed, then this
should be considered as a Level 3 assessment. Safety and serviceability verification is
based on partial factors.


Level 3 assessment

Level 1 and Level 2 assessments make use of Assessment Live loadings given in the
standards or estimated as generally applicable to the network. In a Level 3 assessment, the
assessor has the option of determining and using structure specific loading. For many
elements of railway infrastructure, the use of site specific live loading can be quite beneficial.
Level 3 assessments may also make use of material testing results to determine the
characteristic strength or yield stress. Furthermore, in Level 3, consideration may be given to
the use of load testing in the form of diagnostic load tests. Where deemed necessary, proof
load testing should be performed with the greatest possible care in order to avoid damage.
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In a level 3 assessment, analysis is carried out using refined methods and detailed models.
Safety and serviceability verification is based on partial factors.


Level 4 assessment

Levels 1 to 3 assessments are based on code implicit levels of safety, incorporated in the
nominal values of loads and resistance parameters and the corresponding partial safety
factors. The corresponding safety is related by implication to past satisfactory performance
of the infrastructure stock or through calibrations where these have been carried out.
Any calibration involves an element of averaging which makes the results acceptable for the
bulk of infrastructures of the type concerned. Nevertheless, the resulting rules may be overly
conservative for a particular case which may be significantly different in some way from the
norm used in the calibration. Level 4 assessments can take account of any additional safety
characteristics of that specific case and amend the assessment criteria accordingly. Any
changes to the criteria used in this level may be determined through rigorous reliability
analysis, or by judgemental changes to the partial safety factors. The Level 4 method allows
modifications to partial factors based on information available and safety characteristics
specific to the railway infrastructure in terms of dimensional surveys, material testing, age,
consequences of failure, reserve strength and redundancy, etc. For the analysis of railway
infrastructure at assessment Level 4, care should be taken not to double count
infrastructure-specific benefits. For instance, if system analysis based methods such as the
yield line method have been used in Levels 2 or 3, system effects should not be utilised in
Level 4 to further optimise the structural model.
Level 4 assessment may be particularly beneficial, for example, in the following
circumstances:
The bridge assessment criteria have been primarily devised for longitudinal effects on main
deck members. All other elements such as cantilever slabs, cross beams, pier heads etc.
may be examined in Level 4 for determining element specific target reliability.
The failure of a retaining wall adjacent to a minor road will obviously have much lesser
consequences than the failure of a major bridge. Such considerations may be used in a
Level 4 assessment.


Level 5 assessment

Level 5 assessment involves reliability analysis of particular section of railway infrastructure
or types of railway infrastructures. Structural reliability analysis is used directly instead of
partial factors. Uncertainties are modelled probabilistically. Such analyses require statistical
data for all the variables defined in the loading and resistance equations. The techniques for
determining the probability of failure from such data are now readily available and can be
undertaken in modest time frames. Care should be taken to ensure this form of sophisticated
analysis is performed by professionals with adequate and relevant experience. Level 5
assessments provide greater flexibility but it should be noted that the results can be sensitive
to the statistical parameters and the methods of analysis used. The Level 5 methodologies
may also be employed to assess / optimise the maintenance management strategies for
railway infrastructure for their remaining / required service life (O’Connor 2009).
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Table 1 Classes and levels of assessment (SAMCO, 2006)
Classes of
Level
Assessment

Non-formal
assessment

Measurement
based
assessment

Methodology

Visual Inspections
Based on the experience of the assessing engineer

-

Model based
assessment

Determination of Load Effects

Verification

Load effects determined directly by
measurement for Serviceability Limit States

Compare with
threshold values

Determination of Load Effects
Verification
Condition Assessment

1

Document Review
Inspections

2

3

4

5

Structural Analysis

Basic structural
models

Deterministic
(Permissible stress)

Refined models
(FEM, Non-linear
analysis)

Semi-probabilistic
(partial safety
factors)

Monitoring of static load
effects and deterioration
(deformation, stresses,
cracks, corrosion etc.)

Monitoring of live load
and environmental
influences

Testing and
measurement of
material properties and
dimensions

Monitoring of dynamic
load effects
(eigenfrequencies,
mode shapes)

Adaptive FE models

Stochastic FE
Models

Probabilistic
approximation
methods (First
Order Reliability
Method (FORM),
Second Order
Reliability Method
(SORM))
Probabilistic
simulation methods
(MCS, LHC)
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Table 2 Analysis methods for each level of assessment (COST 345, 2004)
Level of Assessment

Not skew
beam
Not skew slab
Not skew
beam & slab
Not skew
cellular
Skew,
tapered and
curved

Bridges

Arch

Cable Stayed

Culverts

Rigid

Flexible

Earth-retaining
walls

Reinforced soil

Tunnels

1-D linear
elastic (beam
theory or plane
frame analysis)

Frame linear
elastic allowing
torsion
Empirical or 1D linear elastic
arch frame
1-D linear
elastic with
modified E value for cables

2

4

5

1-,2- or 3-D or non-linear;
elastic or plastic; allowing
for cracking
2- or 3-D linear or nonlinear; elastic or plastic;
allowing for cracking;
grillage or FEM (upstand
model if necessary)
1-, 2- or 3-D linear or nonlinear; elastic or plastic;
allowing for cracking
1-, 2- or 3-D linear or nonlinear; elastic or plastic;
allowing for cracking and
modelling cable sag

Frame linear
elastic

Frame linear
elastic allowing
for soilstructure
interaction
(beam &
spring)

3

Reliability analysis based on probabilistic models

1

FEM analysis of specific details of the structure being assessed not considered in previous levels

Structure Type

2- or 3-D FEM linear or
non-linear; elastic or
plastic; allowing for soilstructure interaction,
cracking

2- or 3-D; linear or nonlinear; elastic or plastic;
grillage or FEM
(upstand model if
necessary); allowing for
soil-structure
interaction, cracking,
surface irregularities
and 'specific' live
loading & material
properties

2- or 3-D FEM, linear or
non-linear; elastic or
plastic; allowing for soilstructure interaction,
cracking, surface
irregularities and
'specific' live loading &
material properties

3-D non-linear FEM,
Beam, 2- or 3-D non-linear allowing for soil
Simple method
FEM on elastic foundation constitutive models and
of analysis
or elasto-plastic continuum 'specific' live loading &
material properties
2- or 3-D FEM of soil in
Empirical
combination with
models or 1-D
2- or 3-D FEM of soil
existing structure and
'specific' live loading
linear elastic
and material properties
Empirical
3-D non-linear FEM
models/ beam with bedding, fracture
2- or 3-D FEM; linear or
and-spring
planes, and 'specific'
non-linear; elasto-plastic
models (nonlive loading & material
cohesive soil)
properties
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2.6 Possible refinement of assessment
2.6.1

General overview

As already discussed in previous sections, the assessment of existing railway infrastructure
may be improved (or refined) by carrying out more detailed analysis and/or by collecting
additional data. The improvement of analysis methods may be achieved by using more
accurate structural analysis methods (e.g. linear elastic analysis but with more accurate
idealization, plastic analysis, non-linear analysis, etc.) and/or by using more appropriate
safety verification methods (e.g. semi-probabilistic, simplified probabilistic, fully probabilistic,
etc.). Additional data can be collected to improve load models as well as resistance models
(including material resistance properties) used in the assessment. All of these areas of
possible refinement are discussed in SB-LRA (2007), SAMCO (2006) and in the following
sections.
2.6.2

Data acquisition

To determine load effects, in most cases of assessment it is necessary to gather information
on material and structural properties and dimensions as well as previous, current and/or
future loading. In addition, environmental conditions of physical, chemical or biological
nature can have an effect on material properties.
The main difference between design and assessment is that in the latter, uncertainties can
be reduced significantly by site specific data. There are a wide range of methods which may
be employed in this regard with varying expense and accuracy. The choice of the data
acquisition method highly depends on the assessment objective and the assessment
procedure. Usually simple methods, like the study of documents, are applied in the
beginning. To reduce uncertainty at higher assessment levels, more sophisticated test
methods need to be applied. Non-destructive test (NDT) methods are preferred to
destructive methods whenever possible.
Besides the provision of data which describes the current state of the structure, information
relating to time dependant processes, like deterioration, should also be acquired. This can
take place with periodic or permanent measurement (i.e. structural health monitoring).


Load models

One of the first tasks in the assessment of existing railway infrastructure is the definition of
the live load. In most European countries assessment codes or guidelines do not exist.
Therefore, assessment of the load carrying capacity is often performed on the basis of
design codes which are usually very conservative due to the fact that they have to cover a
wide range of bridges and loading conditions. It is obvious that it can be very advantageous
to perform assessments of existing bridges using specific load models designed for
assessment purposes. An overview of the train assessment loads specified in selected
European countries is presented in SB4.3.1 (2005). Special assessment train loads may be
connected directly to the classification of heavy goods wagons (UIC, 2004). In this way it is
possible to classify the line or bridge capacity according to railway traffic that the railway line,
and/or bridge, is actually experiencing.
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Detailed information regarding this subject, including guidance on methods to determine the
assessment of train loads and railway infrastructure specific dynamic amplification factors, is
presented in Chapter 5. Traffic load models used in assessment can also be based on
measurements of the actual loads on bridges, performed using, for example, Weigh in
Motion (WIM) or similar technologies. Furthermore, the load can be modelled as a random
variable with an associated probability distribution and extreme value(s), meaning the
complete information in the whole load range can be used. In some situations, the model(s)
can also contain information regarding all the loading history (e.g. for fatigue analysis).
The choice of the most appropriate load models (e.g. railway traffic loads and permanent
loads) for the assessment of the railway infrastructure under consideration will depend on
the specific type of infrastructure, the level of assessment and the analysed effects (local or
global effects, ultimate strength or fatigue, etc.). Generally, for a level 1 assessment, load
models from design or assessment codes will be sufficient. For level 2 or level 3
assessments, loads which are especially calibrated for the assessment of existing railway
infrastructure should be applied or some simple probabilistic models may be used. However,
for level 4 or level 5 assessments, the semi-probabilistic or fully probabilistic load models
based on real traffic records (e.g. obtained by WIM) should be used.


Resistance models

As with load models, the resistance models used for assessment may be refined during the
assessment process. Generally, this can be done by collecting additional data (e.g.
performing some non-destructive, minor destructive or destructive test, monitoring the
behaviour, etc.).
The choice of the most appropriate resistance model for each assessment would be made
based on information such as the railway infrastructure type, the construction material, the
level of assessment, the analysed effects (local or global effects, ultimate analysis, fatigue,
etc.) and the condition. Generally, level 1 assessments can be performed using resistance
models based on available data (design drawings and calculations, records from the
construction phase, results of previously performed tests, etc.) and the available design or
assessment codes. The design codes from the time when the railway infrastructure was
constructed can provide background information for the assessment. However, the
assessment should be performed using modern codes. Level 2 or level 3 assessments can
be performed using resistance models calibrated using information from simple tests
performed on the analysed structure (usually non-destructive or minor destructive tests).
Sometimes, probabilistic models can also be used. Level 4 or level 5 assessment should
generally be performed using fully probabilistic models calibrated against reliable test results
(usually minor destructive or destructive). Semi-probabilistic models derived from the fully
probabilistic models can also be used (e.g. for the assessment of masonry arch bridges or
when the use of a probabilistic format for assessment is not necessary).
2.6.3

Structural analysis methods

The purpose of structural analysis is to determine internal forces, or stresses, strains and
deformations. Cross-sectional forces and moments are used for capacity checks in the
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analysis of cross-sections or local parts of a bridge. Stresses and strains are used to
determine the capacity directly using the material resistance.
Structural analysis involves an idealisation of the bridge geometry, the material behaviour
and the structural behaviour. A structural analysis can be made on different levels with
respect to the idealisations made on the material and structural behaviour. Generally, four
different methods of structural analysis may be distinguished:





Linear elastic analysis
Linear elastic analysis with limited redistribution
Plastic analysis
Non-linear analysis

Linear elastic analysis can be used for the verification of SLS as well as ULS. It can be
effectively used to get a first estimate of deflections for SLS or to calculate cross sectional
forces for cross-section verification using standard design formulas or more advanced
methods, such as, probabilistic approaches.
Linear elastic analysis with limited redistribution can be used for the verification of ULS.
It provides a more realistic distribution of internal forces than the linear elastic analysis
where the concentration of sectional moments and forces may appear (e.g. where there are
concentrated supports or loads, in corners of slab frame bridges etc.). It can be used for
cross-sectional checks using standard design formulas or probabilistic approaches.
Plastic analysis can be based on lower or upper bound theory (static or kinematic), e.g.
frame analysis with plastic hinges, yield line theory and strip method for slabs and strut and
tie models. It is an efficient method for verification for all bridge types in ULS. In this method
it is necessary to verify the capacity for plastic deformation. Plastic analysis can help to
verify additional load carrying capacity of structures due to the redistribution of internal
forces. It provides a more realistic distribution of internal forces that can be used for crosssectional checks using standard design formulas or probabilistic approaches.
Non-linear analysis is the most appropriate method that can be used to describe the
behaviour of the structure in the most abnormal situations (excessive loading, cracking,
buckling, etc.). It can be used when the non-linear response of the materials and/or nonlinear geometrical effects should be taken into account directly in the structural analysis. The
method can be used for all bridge types at SLS as well as ULS. It may be used for the
determination of sectional forces and moments, but also for direct study of the stress-strain
response and the analysis of failure or load carrying capacity.
The choice of the appropriate analysis method for each particular assessment depends on
the type of railway infrastructure, the level of assessment and the analysed effects (local or
global effects). Refer to Table 2 for more information on recommended structural analysis
methods for different levels of assessment.
For lower assessment levels it is often effective to calculate load effects with basic
conservative methods with simple structural models. Typical simple analysis methods are,
among others, space frame and grillage analysis combined with a simple load distribution
and linear elastic material behaviour, which results in a lower bound equilibrium solution.
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In cases where low level assessments fail, refined load effect calculation methods may be
performed to gain a more accurate indication of load capacity. Refined methods include
mainly finite element analysis and non-linear methods such as yield line analysis. Detailed
modelling of material behaviour to include time-variant behaviour (e.g. shrinkage and creep
in RC structures) and the interaction between material components (e.g. bond, tension
stiffening in RC) may uncover hidden capacity reserves and reduce conservatism. For higher
levels of assessment, a stochastic finite element model can be used to analyse the structure.
The difference between conventional finite element models and stochastic finite element
models is that the stochastic elements take the spatial correlation of the random variables
into account.
2.6.4

Safety formats

While data acquisition (condition assessment) and structural analysis are procedures to
obtain information about the structural state, the third component of the model based
assessment process considers the actual evaluation of the safety and serviceability margin.
This can be described as the distance between the actual real state of the railway
infrastructure and the limit state, and can be carried out using different methods of varying
sophistication, as shown in Figure 3. The verification should normally be carried out to
ensure a target reliability level (representing the required level of performance) is achieved.

Figure 3. Reliability verification approaches (from SAMCO, 2006)


Deterministic verification with global safety factors

The deterministic approach is the traditional means of defining safety. It is fully based on
experience and the safety measures are of an empirical nature. Deterministic verification is
characterised by simplifications and associated conservative safety measures. The most
common deterministic safety measure is the global 'factor of safety'. It is the ratio of the
resistance to the load effect and is applied mostly on the resistance side.
The concept of the permissible stresses is a typical deterministic verification method, where
failure is assumed to occur when any stressed part reaches the permissible stress. The
accuracy depends on how well the value of permissible stress represents the failure stress
of the real material and how well the calculated stress represents the actual stress in the real
structure. Another concept is the load factor method, where the safety measure is
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represented by the 'load factor', which is the ratio of the ultimate strength of a member to its
working loads.


Partial safety factors

This semi-probabilistic approach is based on the limit state principle. The primary concern is
to ensure that failure does not occur in a component or the structure itself, which is defined
as the Ultimate Limit State (ULS). For structural assessment it may also be important to
analyse the serviceability performance where the structural effects of loading may lead to a
serviceability failure, defined by the Serviceability Limit State (SLS).
As a safety measure, partial safety factors are well established. They have been developed /
calibrated with reliability analysis for specific target reliability and are applied to design
parameters. Partial safety factors guard against the extreme variations of the design
parameters, which could possibly occur during their use, and are applied on both the
resistance and the load side.
The semi-probabilistic verification method can much better reflect reality because
uncertainties can be taken into account on the design parameters where they occur. Since
partial factor based verification methods have been developed for design reasons, most
design codes use them. Also, in design, a safe criterion is more important than a realistic
one and an economic design can mean ease of construction instead of efficiency. For those
reasons semi-probabilistic methods tend to be conservative for the majority of railway
infrastructure. The level of conservatism varies at a network and local scale (i.e. from
structure to structure and from load effect to load effect).


Probabilistic verification

Probabilistic verification procedures are also based on the principle of limit states as
described above. Within assessment it will be intended to identify the real values of the
design parameters by inspection, testing, monitoring or other methods and to minimise
uncertainties. In the safety verification the uncertainties of these design parameters are
taken into account to calculate the probability of failure of the railway infrastructure or railway
infrastructural element. The measures of whether the railway infrastructure is adequately
safe are the probability of failure, Pf , and the associated reliability index, β.
Probabilistic verification methods are by now well developed and are being used more and
more in design and assessment of buildings, bridges and industrial structures (O’Connor
2008, 2009). The procedure is sensitive to the chosen probability distributions which
represent the basic random variables and also to the analysis methods and models for
calculating the load effects (e.g. grillage analysis, FE analysis). Therefore, while this is an
extremely effective tool for assessments, it is necessary to have an adequate knowledge to
perform this type of analysis.
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3 Probability Based Assessment
3.1 Introduction
The objective of the assessment of railway infrastructure and assessments in general, are to
determine whether the requirements to functionality, service life and safety, are fulfilled or
not. In the context of this guideline, the general requirements for a Probability Based
Assessment or Reliability-Based Classification of railway infrastructure (DRD, 2004) are that
there is:
1. Sufficient safety against failure during the design lifetime
2. Satisfactory function with normal use
3. Adequate durability and robustness
The criteria that indicate whether a railway infrastructure functions satisfactorily are
prescribed by limit states (section 3.2). In a probability-based analysis one or more critical
limit state(s) are generally defined on the basis of a deterministic analysis (i.e. lower level
assessment). The critical limit state found in the deterministic analysis is given by a function
that depends on the modelled resistance and load parameters. The chosen reliability-based
analysis method will then depend on the limit state function's complexity and the safety
requirement. Detailed descriptions and reviews of reliability-based analysis methods can be
found in Melchers (1999).
The reliability requirements described in this chapter correspond to verification at component
level. The railway infrastructure or a part of it is assumed to have failed when one of the limit
states has been violated. The safety requirements depend on which limit state is under
consideration, the consequences of failure and the type of possible failure.
The following sections describe some possible limit states to be considered, the
consequences of failure (also referred to as reliability class) and the types of failure. Target
reliability levels, prescribed by various codes of practice and guidelines, are presented in
advance of brief discussions on the reliability of systems, time variant reliability assessment
and sensitivity analysis in a reliability assessment.

3.2 Limit states
As the current practice in the Eurocodes is to design new structures based on the limit states
philosophy, it is proposed that the same philosophy be adopted in the case of assessing
existing infrastructure. In the following section, the limit states to be considered for railway
infrastructure assessment are presented as they are in the Guideline for Load and
Resistance Assessment of Existing European Railway Bridges (SB-LRA) published by the
Sustainable Bridges project (SB-LRA, 2007).
The limit states relevant to railway infrastructure were introduced in Chapter 2. In general,
they are divided into the following:




ultimate limit states
serviceability limit states
fatigue limit states
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durability limit states

As mentioned in Section 2.3, fatigue limit states are often included in either the serviceability
or the ultimate limit states. This is because, although fatigue may lead to the collapse of the
structure and could therefore be considered as an ultimate limit state, the normal service
loads are used in checking the fatigue limit state. Therefore, corresponding to the
recommendation of SB-LRA (2007), it is recommended in this guideline to handle fatigue
separately.
Masonry arch bridges can also be a source of ambiguity, with respect to limit states. While it
may be easy to differentiate between the serviceability, fatigue and durability limit states for
metal and concrete bridges, it is not so easy for masonry arch bridges. Therefore, in the
case of masonry arch bridges these three limit states can be put together to check the
residual life of the bridge. The Permissible Limit State (PLS), defined as the limit at which
there is a loss of structural integrity which will measurably affect the ability of the bridge to
carry its working loads for the expected life of the bridge, is often mentioned when
discussing the assessment of masonry arch bridges SB-LRA (2007).
When performing a safety assessment, it may not always be necessary to check all limit
states. For example, the verification of a limit state may be omitted if sufficient information is
available to prove that the requirements of this limit state are met by one of the other limit
states.
3.2.1

Ultimate limit states

The ultimate limit state includes collapse and structural failure. The ultimate limit state
concerns safety of the railway infrastructure and its contents as well as the safety of its
users. Ultimate limit states which may require consideration include, e.g. (SB-LRA, 2007):






3.2.2

loss of equilibrium of the structure or any part of it, considered as a rigid body
failure by excessive deformation
transformation of the structure or any part of it into a mechanism
rupture
loss of stability of the structure or any part of it, including supports and foundations
slope failure
Serviceability limit states

Serviceability limit states relate to conditions beyond which the specified service
requirements are no longer met. The serviceability requirements concern the functioning of
the railway infrastructure or parts of it, comfort to the user and appearance.
If relevant, a distinction should be made between reversible and irreversible serviceability
limit states. The reliability requirements for an irreversible limit state will generally depend on
the relation between the cost of preventing the state in question from arising and the cost of
repair after the state has arisen (DRD, 2004).
Serviceability limit states which may require considerations include (SB-LRA, 2007):
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deformations and displacements which affect appearance or effective use or cause
damage to non-structural elements
vibrations which cause discomfort to people, induce damage or which limit functional
effectiveness
damage, including cracking, which is likely to affect appearance, durability or function
adversely

For railway infrastructures attention should especially be made to (SB-LRA, 2007):








3.2.3

performance criteria (to avoid passenger discomfort)
deformation
vibrations
traffic safety
vertical acceleration of the deck
deck twist
rotations at the end of the deck (ballasted tracks)
horizontal deflection of the deck
Fatigue limit states

The fatigue limit state includes:



failure caused by fatigue or other time-dependant effects
observable damage caused by fatigue and other time-dependent effects

Fatigue is a local material deterioration caused by repeated variations of stresses or strains.
A distinction is made between low cycle fatigue (few load cycles) and high cycle fatigue
(numerous load cycles). Low cycle fatigue is associated with non-linear material and
geometric behaviour, e.g. alternating plastic strains in plastic zones. High cycle fatigue is
mainly governed by elastic behaviour and as a consequence elastic models should be used.
Whether fatigue assessment is needed or not has to be evaluated in each case.
3.2.4

Durability limit states

The durability limit state refers to:



Requirements to attain a specified design service life
Assessment of remaining service life

and is concerned with the degradation mechanisms induced by the environment that may
affect the service life. Also related to remaining service life issues, fatigue can be considered
as a degradation process. However, the degradation in the case of fatigue is due to
mechanical effects in the material due to the stress level induced by external actions and,
therefore, is considered apart from the durability limit state. In this sense, durability and
fatigue limit states could be grouped into a more global “permissible” limit state. The term
permissible refers to the condition at which, although not viewing extremely high load levels
(ULS), the stresses incurred at normal operation levels (service loads) can lead to failure.
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This situation is of special relevance in the strength assessment of existing masonry arch
bridges.
In the case of corrosion of concrete structures, the durability limit state includes the corrosion
initiation and propagation periods. The initiation period may refer to the following limit states
(among others):




depassivation of the reinforcement by carbonation
depassivation of the reinforcement by chlorides
frost damage causing cracking and scaling

The propagation period may refer to the following limit states (among others):





corrosion-induced cracking
corrosion-induced spalling and collapse
frost-induced cracking/deflection
sulphate attack cracking

3.3 Reliability class
For the purpose of reliability differentiation, consequences classes (CC) have been
established by considering the consequences of failure or malfunction of the railway
infrastructure. These CC are presented in EN 1990 (2002) and given here in Table 3.
Table 3. Definition of consequence classes (from EN 1990)
Consequence
Class

Description

Examples of buildings and civil
engineering works

CC3

High consequence for loss of
human life, or economic, social or
environmental consequences very
great

Grandstands, public buildings
where consequences of failure are
high (e.g. a concert hall)

CC2

Medium consequence for loss of
human life, economic, social or
environmental consequences
considerable

Residential and office buildings,
public buildings where
consequences of failure are
medium (e.g. an office building)

CC1

Low consequences for loss of
Agricultural buildings where people
human life, and economic, social or
do not normally enter (e.g. storage
environmental consequences small
buildings, greenhouses)
or negligible

The three consequence classes can be associated with reliability classes (RC). The
reliability classes are defined by the reliability index, β. β is related to the failure probability
(the probability of the limit state under consideration being exceeded), 𝑃𝑓 , by the
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equation, 𝛽 = −𝛷(𝑃𝑓 ) , where Φ is the distribution function of the standardised normal
distribution. The relationship if further outlined in Section 3.5.
Three reliability classes RC1, RC2 and RC3 exist to correspond with the three
consequences classes CC1, CC2 and CC3. Table 4 gives the recommended minimum
values for the reliability index associated with the three reliability classes.
Table 4. Recommended minimum values for reliability index β (ultimate limit states)
Minimum values for β

Reliability
Class

1 year reference period

RC3

5.2

4.3

RC2

4.7

3.8

RC1

4.2

3.3

50 years reference period

3.4 Types of failure
In a load-bearing capacity evaluation, the safety requirement for the ultimate limit state
depends on the type of failure anticipated (NKB 1978). The type of failure is assessed on the
basis of the characteristics for the given material, component or structure.
The following are the types of failure that may be investigated (DRD, 2004):




Type I - Failure with warning and with load-bearing capacity reserve, which includes
ductile failure
Type 2 - Failure with warning but without load-bearing capacity reserve, which
includes ductile failure without extra load-bearing capacity
Type 3 - Failure without warning, which includes brittle failure and stability failure

3.5 Target reliability levels
The target reliability level is the level of reliability prescribed by the railway infrastructure
owner/manager to ensure acceptable safety and serviceability of the infrastructural
element/network analysed. The choice of the target level of reliability should take into
account the possible consequences of failure in terms of risk to life or injury, potential
economic losses and the degree of societal inconvenience. The choice of the target level of
reliability should also take into account the amount of expense and effort required to reduce
the risk of failure.
Although the requirements for safety and serviceability in the assessment of existing railway
infrastructure are in principle the same as for the design of new infrastructure, there are
large differences in the outcome of the necessary considerations. As such, due attention
should be given to differentiating the reliability level of infrastructure to be designed and that
of existing infrastructure. The main differences in the considerations are (COST345):
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economic considerations: the incremental cost between acceptance (i.e. “donothing”) and upgrading can be very large whereas the cost increment of increasing
the safety of a new build is generally very small (relative to the overall project cost);
consequently, conservative criteria are used in the design standards
social considerations: these include disruption (or displacement) of occupants and
activities as well as heritage values, considerations that do not affect the design of
new infrastructure
sustainability considerations: considerations relating to reduction of waste and
recycling, are more prevalent in the rehabilitation of existing infrastructure

In order to make the right choice for the target β values, the reference period, the
consequences of failure and the cost of safety measures shall be analysed for the specific
case considered. The maximum acceptable failure probability depends on the type of the
limit state and considered consequences of failure for the relevant construction work.
Reliability requirements correspond to a formal annual probability of failure. This means that
the formal probability of failure in the course of one year must not exceed a specified value.
The reliability requirement is given in the form of the reliability index, β, which is defined as:
(1)

𝛽 = −𝛷(𝑃𝑓 )

where 𝛷 is the distribution function of the standardised normal distribution and 𝑃𝑓 is the
probability of the limit state under consideration being exceeded. The relationship between
the reliability index 𝛽 and the probability of failure 𝑃𝑓 is given in Table 5.
Table 5. Relationship between β and Pf (from SAMCO, 2006)
Pf

10-1

10-2

10-3

10-4

10-5

10-6

10-7

β

1.3

2.3

3.1

3.7

4.2

4.7

5.2

Note that the reliability requirement is related to the defined limit state, and that exceeding
the limit does not necessarily imply collapse of the railway infrastructure. It is important not to
confuse limit state violation with collapse.
The COST 345 report (2004) compared the target reliability indices of various codes and
standards. Those comparisons are presented in the following subsections along with other
relevant codes and standards. The distribution types which were used for the derivation of
the reliability levels are included where available. When comparing the values in the tables
presented and deciding on a reliability level, one must always consider the different
reference periods used in the various documents (e.g. one year, life-time of the structure,
etc.).
3.5.1

ISO/CD 13822:1999

In the ISO/CD 13822:1999 "Bases for Design of Structures - Assessment of Existing
Structures" code, the target reliability mainly depends on the type of limit state examined as
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well as on the consequences of failure. As Table 6 shows, for ultimate limit states the target
reliability index ranges from 2.3 for very low consequences of a structural failure to 4.3 for
structures whose failure would have very high consequences.
Table 6. ISO/CD 13822:1999 – Target reliabilities
Target reliability
index β

Reference period

Reversible
Irreversible
Fatigue

0.0
1.5

Intended remaining working life
Intended remaining working life

Inspectable
Not inspectable
Ultimate

2.3
3.1

Intended remaining working life
Intended remaining working life

Limit States

Serviceability

Very low consequences of failure
2.3
Ls years*
Low consequences of failure
3.1
Ls years*
Medium consequences of failure
3.8
Ls years*
High consequences of failure
4.3
Ls years*
* Ls is a minimum stadard period of safety (e.g. 50 years)
3.5.2

ISO 2394:2015

In ISO 2394:2015 “General Principles on Reliability for Structures” the target reliability index
to be chosen for design of structures depends on the consequences of a structural failure as
well as the costs of a safety measure (Table 7). The following distribution types were used
for the derivation of the reliability level:




Resistance: Lognormal or Weibull distributions
Permanent loads: Gaussian distributions
Time-varying loads: Gumbel Extreme Value distributions
Table 7. ISO/CD 2394:2015 Target reliabilities
Consequences of failure

Relative costs of
safety measures

small

some

moderate

great

High

0.0

1.5*

2.3

3.1†

Moderate

1.3

2.3

3.1

3.8‡

Low

2.3

3.1

3.8

4.3

* for SLS, use β = 0 for reversible and β = 1.5 for irreversible limit states
†

for Fatigue Limit State, use β = 2.3 to β = 3.1 depending on the possibility of inspection

‡

for ULS, use β = 3.1, 3.8 and 4.3
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3.5.3

NKB Report No. 36:1978

The NKB Report No. 36 "Guidelines for Loading and Safety regulations for Structural
Design" gives reliability indices depending on failure type and consequence. The values
recommended for the ultimate limit state for a reference period of one year are given in
Table 8. For the serviceability limit state NKB recommends values of β = 1 to 2. The values
presented in Table 8 are also the basis of the PIARC report "Reliability Based Assessment
of Highway Bridges" (PIARC, 2000).
Table 8. NKB Report No. 36:1978 – Target reliabilities, ultimate limit state
Failure Type
Failure
Consequences

1: ductile failure with
remaining capacity

2: failure without
remaining capacity

3: brittle failure

Less serious

3.1

3.7

4.2

Serious

3.7

4.2

4.7

Very serious

4.2

4.7

5.2

3.5.4

JCSS 2001

The publication of the Joint Committee of Structural Safety "Probabilistic Evaluation of
Existing Structures" (JCSS, 2001) is devoted directly to existing structures and probabilistic
evaluation. The target reliability indices in Table 9, given for the ultimate limit state and a
reference period of one year, depend on the failure consequence and the costs of safety
measures similar to ISO 2394:2015. For the serviceability limit state, values of β = 1 to 2 are
recommended.
Table 9. JCSS (2001) - Tentative target reliability indices β related to one year
reference period and ultimate limit state
Relative costs of
safety measures

Consequences of failure
Minor

Moderate

Large

Large

3.1

3.3

3.7

Normal

3.7

4.2

4.4

Small

4.2

4.4

4.7

According to JCSS (2001), the value of 4.2 in Table 9 (corresponding to ‘moderate’
consequence of failure and ‘normal’ relative cost of safety measure) should be considered
as the most common design situation. As previously mentioned, the costs of achieving a
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higher reliability level for existing structures are usually high compared to structures under
design. For this reason, the target level for existing structures usually should be lower.
For irreversible serviceability limit states tentative target values are given in Table 10. A
variation from the target serviceability indexes of the order of 0.3 can be considered. For
reversible serviceability limit states, no general values are given.
Table 10. JCSS Model Code I:2000 - Tentative target reliability indices β related to one
year reference period and serviceability limit state

3.5.5

Relative costs of
safety measures

Target reliability index β
(Irreversible SLS)

High

1.3

Normal

1.7

Low

2.3

EN 1990:2002

Recommended values from EN 1990 (2002) for the reliability index β for various design
situations (for reference periods of 1 year and 50 years) are indicated in Table 11. The
values of β in Table 11 correspond to levels of safety for reliability class RC2 structural
members.
Table 11. EN 1990:2002 – Target reliability index for Class RC2 structural members
Target reliability index β
Limit State
1 year

50 years

Ultimate

4.7

3.8

Fatigue

-

1.5 to 3.8*

Serviceability (irreversible)

2.9

1.5

* Depends on degree of inspectability, reparability and damage tolerance

The following distribution types were used for the derivation of these evaluations of β:




Lognormal or Weibull distributions have usually been used for material and structural
resistance parameters and model uncertainties;
Normal distributions have usually been used for self-weight;
For simplicity, when considering non-fatigue verifications, Normal distributions have
been used for variable actions. Extreme value distributions would be used where
appropriate.
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3.5.6

fib Bulletin 65

The fib Bulletin 65 (Model Code 2010) provides the following recommendations for target
reliabilities for the design of structures:
Table 12. fib Bulletin 65:2012 – Recommended target reliability indices for structures
to be designed, related to specific reference periods
Target reliability
index β

Reference period

Reversible
Irreversible
Irreversible
Ultimate

0.0
1.5
3.0

Service Life
50 years
1 year

Low consequence of failure

3.1
4.1
3.8
4.7
4.3
5.1

50 years
1 year
50 years
1 year
50 years
1 year

Limit States

Serviceability

Medium consequence of failure
High consequence of failure

The fib Bulletin 65 suggests that the β values given in Table 12 may also be used for the
assessment of existing structures, but also suggests that a differentiation of the target
reliability level for the new structures and for the existing structures may need to be
considered. However, it warns that the decision to choose a different target reliability level
for existing structures may be taken only on the basis of well-founded analysis of
consequences of failure and the cost of safety measures for any specific case may need to
be considered. The suggestions for the reliability indices for existing structures are given in
Table 13 for the specified reference periods.
Table 13. fib Bulletin 65:2012 – Suggested range of target reliability indices for
existing structures, related to specific reference periods
Limit States

Target reliability index β

Reference period

Serviceability

1.5

Residual Service Life

Ultimate

In the range of 3.1-3.8*
In the range of 3.4-4.1*
In the range of 4.1-4.7*

50 years
15 years
1 year

* Depending on costs of safety measures for upgrading the existing structure
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The requirements for the reliability of the components of the system shall depend on the
system characteristics. The target reliability indices given Table 12 and Table 13 relate to the
system or in approximation to the dominant failure mode or component dominating system
failure. Therefore, railway infrastructures with multiple, equally important failure modes
should be designed for a higher level of reliability per component than recommended in this
Model Code. It should be noted that the recommendations in the other codes and standards
presented above relate to component reliability rather than system reliability (Section 3.6).
The target reliability indices given in Table 12 and Table 13 are valid for ductile railway
infrastructural components or redundant systems for which a collapse is preceded by some
kind of warning, which allows measures to be taken to avoid severe consequences.
Therefore, by explicit requirements or by appropriate detailing it shall be assured that brittle
failure does not occur. A component or system which would be likely to collapse suddenly
without warning should be designed for a higher level of reliability than is recommended in
this Model Code for ductile components.
3.5.7

Comment on target reliability levels

When a reliability assessment of existing railway infrastructure is performed, it has to be
decided if the probability of failure is acceptable. As can be seen in this chapter, there is no
easy answer to that question. The Engineer carrying out the assessment has to decide
which of the values are most suited and best applied to the problem at hand as the
estimated probability of failure associated with a project is very much a function of the
understanding of the issues, the modelling of the data, etc. Furthermore, it depends on costs
as well as consequences of failure. Still, the target reliability indices presented in the
subsections above can be helpful when a decision on the acceptable probability of failure
has to be made (COST 345, 2004).

3.6 Reliability of structural systems
The reliability of railway infrastructure can be determined at two levels:
1. Safety at the component level, in which the safety of a component (or when a
mechanism is considered, several components) with respect to a single form of
failure is taken into account.
2. System safety, in which all components of the system and all forms of failure are
taken into account.
The following types of systems can be classified:



redundant systems where the components are “fail safe”, i.e. local failure of one
component does not directly result in overall failure;
non-redundant systems where local failure of one component leads rapidly to overall
failure
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The likelihood of system failure following an initial component failure should be assessed. In
particular, it is necessary to determine the system characteristics in relation to damage
tolerance or robustness with respect to accidental events (JCSS, 2000).
Many systems have multiple distinct failure modes or limit states; where the breach of any
limit state could constitute a failure of the system as a whole. For example, in terms of slope
stability this could be interpreted as follows: there are many potential slip surfaces within a
slope, a number of which could reasonably be expected to fail. Therefore, the true probability
of failure of the slope as a whole is not that of the critical slip surface, but some
amalgamation of the probability of failure of all likely slip surfaces. To determine the true
probability of failure of the system the correlation between the design points of the different
slip surfaces needs to be investigated. This checks whether the slip circles are likely to be
brought about by the same loading envelope or some other. These sliding planes may or
may not be interdependent i.e. some slip surfaces may overlap while others may be
considered as independent events. In a Cartesian co-ordinate defined search space the
correlation coefficient between failure modes 𝑖 and 𝑗 (ρij ) can be obtained using equation 2
where x̅i and x̅i are the design point values of the input variables for each failure mode in
standard normal space. βi and βj are the reliability indices for each failure mode.
𝑥̅𝑖 𝑇 𝑥̅𝑗
𝜌𝑖𝑗 =
𝛽𝑖 𝛽𝑗

(2)

Calculating equation 2 for all combinations of different failure modes generates the
correlation matrix (ρ) for the entire system. This is expressed in equation 3 and 4, where
there are ‘𝑚’ likely failure modes.
𝑩=[

𝑥̅𝑖 𝑥̅𝑗
𝑥̅𝑚
, ,… ]
𝛽𝑖 𝛽𝑗
𝛽𝑚

𝜌 = 𝑩𝑩𝑻

(3)

(4)

Kounias (1968) and Ditlevsen (1979) prompted a bi-modal bounded approach for estimating
the system probability of failure (𝑃𝑓,𝑠𝑦𝑠 ) where systems have several failure modes. The
approach which is presented in equation 5 requires the probability of failure of each failure
mode and the associated correlation matrix between the different failure modes, to have
been evaluated prior to computation. Halder & Mahadevan (2000) suggest that the failure
modes and associated correlation matrix should be ordered from most likely (𝑃𝑓,𝑚𝑎𝑥 ) to least
likely (𝑃𝑓,𝑚𝑖𝑛 ) prior to computation to achieve the smallest possible failure bounds.
𝑚

𝑖−1

(5)

𝑃𝑓,𝑚𝑎𝑥 + 𝑚𝑎𝑥 ∑ [𝑃𝑓 (𝑖) − ∑ 𝑃𝑓 (𝑖, 𝑗); 0] ≤ 𝑃𝑓,𝑠𝑦𝑠
𝑖=2
𝑚

𝑗=1
𝑚

≤ min [∑ 𝑃𝑓 (𝑖) − ∑ max 𝑃𝑓 (𝑖, 𝑗); 1]
𝑖=1

𝑖=2

𝑗<𝑖
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where, 𝑃𝑓 (𝑖, 𝑗) represents the probability of both failure modes 𝑖 and 𝑗 occurring
simultaneously. Depending on the correlation between failure modes this term can be
substantial but is notoriously difficult to evaluate. Ditlevsen (1979) suggested a simplified
methodology for evaluating this term provided all inputs used were Gaussian random
variables, see equations 6 & 7.
max[𝑎, 𝑏] ≤ 𝑃𝑓 (𝑖, 𝑗) ≤ 𝑎 + 𝑏, for 𝜌𝑖,𝑗 > 0

(6)

0 ≤ 𝑃𝑓 (𝑖, 𝑗) ≤ min[𝑎, 𝑏] , for 𝜌𝑖,𝑗 < 0

(7)

where 𝑎 and 𝑏 are defined as follows:

𝑎 = Φ(−𝛽𝑖 )Φ −
(

𝑏 = Φ(−𝛽𝑗 )Φ −
(

(8)

𝛽𝑗 − 𝜌𝑖𝑗 𝛽𝑖
√1 − 𝜌𝑖𝑗 2

)
(9)

𝛽𝑖 − 𝜌𝑖𝑗 𝛽𝑗
√1 − 𝜌𝑖𝑗 2

)

Thus the complex problem of system reliability can be reduced to a straightforward
computation of the reliabilities of individual failure modes and their corresponding correlation
coefficients. Thereby allowing the user to easily obtain an upper and lower bound estimate
for the probability of failure of the system as a whole, 𝑃𝑓,𝑠𝑦𝑠 .

3.7 Time variant reliability assessment
Live load and resistance change with time, particularly where a structure is subjected to
deterioration processes like environmental or chemical attack, or fluctuating stresses.
Climate change is also an important consideration in this regard. A reliability analysis should
therefore consider time-variance in the basic variables that describe loads and/or
resistances.
Even in considering a relatively simple safety margin for component reliability analysis such
as M = R - S, where R is the resistance at a critical section and S is the corresponding load
effect, it is generally the case that both S and resistance R are functions of time, R(t) or S(t).
Changes in both mean values and standard deviations could occur for either R(t) or S(t).
For example, the mean value of R(t) may change as a result of deterioration (e.g. corrosion
of reinforcement in an RC bridge results in a loss of area, hence a reduction in the mean
resistance) and its standard deviation may also change (e.g. uncertainty in predicting the
effect of corrosion on loss of area may increase as the periods considered become longer).
On the other hand, the mean value of S(t) may increase over time (e.g. due to higher train
flow and/or higher vehicle weights) and, equally, the estimate of its standard deviation may
increase due to lower confidence in predicting the correct mix of live load for longer periods.
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Figure 4 illustrates this process by undertaking a number of reliability analyses at specified
time intervals. This type of time-integrated analysis is of particular use in cases where future
crossing of an unacceptable threshold (e.g. a minimum acceptable target level) is part of the
decision making progress. Clearly, inspection and maintenance planning as well as
prioritisation of alternatives in railway infrastructure management may depend on such
considerations.

Figure 4. Whole life reliability profile

3.8 Sensitivity analysis
A reliability-based classification should always include a sensitivity analysis (DRD, 2004).
The sensitivity analysis should be performed to ensure confidence in the result of the
reliability analysis and to verify that the result is sufficiently robust. The models used should
be checked to determine whether they give rise to unusually high sensitivity.
The sensitivity of the variables and parameters used should also be checked to decide
whether the sensitivities are acceptable. In practice, the implication is that when the
sensitivity to a random variable (∂β ⁄∂RV ) is small the variable could be treated as a
deterministic quantity, with only a minor error being introduced. Furthermore, the values at
the β-point (the realisation of the stochastic variables at the most probable failure point)
should also be verified by comparing the results with a deterministic assessment.
Finally, performing a sensitivity analysis can also identify the parameters that can, with
advantage, be supplemented by additional information as discussed in Chapter 7.
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4 Modelling Uncertainty
4.1 Introduction
For defined limit states the probability of failure, or the associated reliability index, is
calculated for components or the overall structure. The design parameters that are involved
in the definition of a limit state, i.e. loading, strength or geometry, have uncertainties
associated with them and are thus described through the introduction of random variables.
These uncertainties are therefore modelled using appropriate probability distribution
functions for each basic variable.
The main sources of uncertainty that are relevant for reliability evaluation can be classified
according to the nature of the uncertainty (PIRAC, 2000):




Physical uncertainty
Statistical uncertainty
Model uncertainty

The sources of physical uncertainty can be considered as a result of inherent variation in the
parameter (i.e. material strength, load intensity). The physical uncertainty in a basic random
variable is represented by adopting a suitable probability distribution, described in terms of
its type and relevant distribution parameters. The choice of distribution type is very important
as the results of the analysis can be sensitive to the tail of the probability distribution, which
depends primarily on the type of distribution adopted. Section 4.3 provides
recommendations on suitable distributions for different properties.
Statistical uncertainty represents uncertainty resulting from the lack of sufficiently large
samples of data to obtain a stable, even though empirical, probability distribution function for
the data. For existing railway infrastructure, supplemental information (if obtainable) on
material parameters or dimensions or loads can improve probability distributions through
updating. ‘A priori’ values for probability distribution functions for various random variables
can be used together with any site specific data in order to provide ‘posterior’ distribution
functions. Material properties, including damage and deterioration, as well as loads could be
subjected to updating. The process of Updating is discussed in more detail in Chapter 7.
The third source of uncertainty, model uncertainty, is caused by simplifications introduced in
describing model behaviour. This can be as result of either the modelling used in global
analysis or the modelling employed in describing the local capacity. It is possible to
determine the errors introduced through the simplifications of the models through
comparison with a more sophisticated representation. Section 4.4 deals with model
uncertainty in more detail.
In addition to discussing model uncertainty, this chapter will also briefly discuss the methods
of analysis available when including uncertainties as well as the properties of probabilistic
distributions.
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4.2 Methods of Analysis
In a deterministic analysis the critical limit state is given by a function that depends on the
resistance and load parameters. When performing a reliability-based analysis, the limit state
function will also depend on the uncertainty associated with the load and resistance
parameters.
There are many reliability-based analysis methods and the selection for a particular situation
is dependent on the limit state function’s complexity and safety requirement. Details of the
different reliability-based analysis methods are widely available in the literature, including
Melchers (1999) who gives a detailed review of each. A very brief summary is given here.
FORM (First Order Reliability Method) is usually used as a starting point for ultimate limit
states (DRD, 2004). This is considered the simplest method but its accuracy depends on the
linearity of the limit state function. Depending on the limit state function's linearity it may be
necessary to check that the use of the analysis method SORM (Second Order Reliability
Method) does not give significantly different values of the failure probability.
For serviceability limit states, where the requirement for β is lower than for ultimate limit
states, the difference between FORM and SORM can be significant (depending on the
linearity of the limit state function). In such cases SORM, or possibly simulation (e.g. the
Monte Carlo Simulation method), could be used to provide a more accurate estimation of the
safety index.
There can be limit states of such complexity that both FORM and SORM are inappropriate.
In such cases simulation methods should be considered (Ditlevsen & Madsen 1989,
Melchers 1999).

4.3 Probability Distributions
Similar to the methods of reliability-based analysis, information on probability distributions is
also widely available in the literature (e.g. Melchers, 1999). The following points are provided
in JCSS (2000) and may also be helpful in providing information and in selecting suitable
probabilistic models for various parameters.
1. Material properties
 the frequency of negative values is normally zero, therefore, a log-normal distribution
can often be used
 distribution type and parameters should, in general, be derived from large
homogeneous samples taking account of established distributions for similar
variables (e.g. for a new high strength steel grade, the information on properties of
existing grades should be consulted); tests should be planned so that they are, as far
as possible, a realistic description of the potential use of the material in real
applications.
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2. Geometric parameters
 the variability in railway infrastructure dimensions and overall geometry tends to be
small
 dimensional variables can be adequately modelled by the normal or log-normal
distribution
 if the variable is physically bounded, a truncated distribution may be appropriate (e.g.
location of reinforcement); such bounds should always be carefully considered to
avoid entering into a physically inadmissible range
 variables linked to manufacturing can have large coefficients of variation (e.g. due to
imperfections, misalignments, residual stresses, weld defects etc.)
3. Load variables
 loads should be divided according to their time variation (e.g. permanent, variable,
accidental)
 in certain cases, permanent loads consist of the sum of many individual elements; in
such cases they may be represented by a normal distribution
 for single variable loads, the form of the point-in-time distribution is seldom of
immediate relevance; often the important random variable is the magnitude of the
largest extreme load that occurs during a specified reference period for which the
probability of failure is calculated (e.g. annual, lifetime)
 the probability distribution of the largest extreme could be approximated by one of the
asymptotic extreme-value distributions (i.e. Gumbel, Frechet, Weibull)
 when more than one variable loads act in combination, load modelling is often
undertaken using simplified rules suitable for FORM/SORM analysis.
4. Physical uncertainty of a basic random variable
 based on experience from similar types of variables and physical knowledge, choose
a set of possible distributions
 obtain a reasonable sample of observations ensuring that, as far as possible, the
sample points are from a homogeneous group (i.e. avoid systematic variations within
the sample) and that the sampling reflects potential uses and applications
 evaluate by an appropriate method the parameters of the random variable
distributions using the sample data; the method of maximum likelihood is
recommended but evaluation by alternative methods (e.g. moment estimates, leastsquare fit, graphical methods) may also be carried out for comparison
 compare the sample data with the resulting distributions; this can be done graphically
(i.e. histogram vs. pdf, probability paper plots) or through the use of goodness-of-fit
tests (i.e. Chi-square, Kolmogorov-Smirnov tests)
If more than one distribution gives equally good results (or if the goodness-of-fit tests are
acceptable to the same significance level), it is recommended to choose the distribution that
will result in the smaller reliability. This implies choosing distributions with heavy left tails for
resistance variables (i.e. material properties, geometry excluding tolerances) and heavy right
tails for loading variables (i.e. manufacturing tolerances, defects and loads).
The other two types of uncertainty mentioned above (statistical and model) also play an
important role in the evaluation of reliability. These uncertainties are also modelled as
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random variables. Physical uncertainty is discussed further in Chapters 5 (Loading) and 6
(Resistance) while statistical uncertainty is covered in Chapter 7. The remainder of this
chapter focuses on categorising/evaluating model uncertainty.

4.4 Model uncertainty
Model uncertainty is concerned with the differences between results predicted by
mathematical models and the actual condition. It has both a systematic component (bias)
and a random component. The systematic component (e.g. a constant underestimation of
material strength) is often built into design equations to ensure that engineers are
conservative. The random component is due to the inability to define the actual condition
exactly.
Model uncertainties, denoted θ, are often modelled as normal or lognormal distributed
variables. If the model uncertainty is normally distributed, it has a mean value about zero
and is commonly introduced into the calculation model as follows:
𝑌 = 𝜃 + 𝑓(𝑋1 … … 𝑋𝑛 )

(10)

Or if the variable is lognormal distributed, it has a mean value about 1.0 and is introduced
into the calculation models as follows:
𝑌 = 𝜃 × 𝑓(𝑋1 … … 𝑋𝑛 )

(11)

where Y is the response of the structure and 𝑓(𝑋1 … … 𝑋𝑛 ) is the model with the inherent
basic variables that describes the capacity or load effect.
It should be kept in mind that in this way the statistical properties of the model uncertainties
depend on the exact definition of the model output. JCSS (2000) provides an elegant
theoretical way to avoid these definition dependencies by linking the model uncertainties
directly to the basic variables, that is to introduce 𝑋𝑖′ = 𝜃𝑋𝑖 .
4.4.1

Model uncertainty for capacity

In the Danish Road Directorate Report (DRD, 2004), which borrows heavily from earlier NKB
reports (NKB, 1978 & 1987), the model uncertainty is taken into account by introducing the
stochastic variable Im for material capacities. The variable Im is introduced into the model by
multiplying the relevant basic strength parameters (e.g. concrete strength, steel strength,
strength of reinforcement bars etc.) by Im. This model uncertainty parameter, Im,
incorporates:
1. The accuracy of the computation model, I1. The computation model specifies the role
of the materials in the mathematical model in converting loads to load effects and the
mathematical model for determining capacity.
2. Possible deviations from the strength of material properties in the railway
infrastructure considered as compared with that derived from control specimens, I2
3. The uncertainty in the identification of materials in existing railway infrastructures, I3

39

D2.1 Guideline for Probability Based Multi Criteria Performance Optimisation of
Railway Infrastructure
DESTination RAIL – Decision Support Tool for Rail Infrastructure Managers

The variable Im is logarithmic-normally distributed with mean value of 1.0 and a coefficient of
variation, 𝑉𝐼𝑚 . The variation of Im may be incorporated into the analysis by increasing the
coefficient of variation of the basic material variable 𝑉𝑚 (i.e. the physical uncertainty) as per
the NKB recommendation (1978):
𝑉 2 = 𝑉𝑚2 + 𝑉𝐼2𝑚

(12)

where 𝑉𝐼𝑚 , is calculated as:
(13)

𝑉𝐼𝑚= √𝑉𝐼21 + 𝑉𝐼22 + 𝑉𝐼23 + 2(𝜌1 𝑉𝐼1 + 𝜌2 𝑉𝐼2 + 𝜌3 𝑉𝐼3 )𝑉𝑚

where 𝑉𝑚 is the variation coefficient for the material parameter and the variation and
correlation coefficients, 𝑉𝐼𝑖 and 𝜌𝑖 respectively, are as specified in Table 14.
Table 14. Model Uncertainty Factors (NKB, 1978)
Accuracy of the calculation model

𝑉𝐼1
𝜌1

Good

Normal

Poor

0.04
-0.3

0.06
0.0

0.09
0.3

Material property deviations

𝑉𝐼2
𝜌2

Small

Medium

Large

0.04
-0.3

0.06
0.0

0.09
0.3

Good

Normal

Poor

0.04
-0.3

0.06
0.0

0.09
0.3

Material identity

𝑉𝐼3
𝜌3

In considering Table 14, for uncertainty factors associated with the accuracy of the
calculation model it should be noted that: (a) Good computation models can for example be
used (i) where the model is so simple (corresponding to a simple structure) that only small
variations can arise, (ii) where attention has been paid to eccentricities, secondary moments,
etc., (iii) where the model has been verified for the railway infrastructure in question, or (iv)
where an improved model has resulted in a reduction of the uncertainty of an important
stochastic variable; (b) Normal calculation accuracy is used in situations where computation
models are used that are generally accepted as being in conformity with normal practice and
(c) a Poor computation model is one that has been excessively simplified and does not meet
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the requirements for a model of normal accuracy. The uncertainty associated with
determining material parameters is dependent upon the amount of information available and
on the availability of test results etc. For uncertainty factors associated with material identity
it should be noted that: (a) Good material identity can be assumed if the identity of the
materials has been verified or if the identity of materials used subsequently can be
documented, (e.g. "as built" drawings); (b) Normally material identity is assumed when the
materials are assigned on the basis of the project material and there is no reason to doubt
that the railway infrastructure in question was not built in accordance with the project
material and (c) Poor material identity arises when estimated values are used or where the
project material is dubious or incomplete (O’Connor and Enevoldsen 2008).
In the absence of structure specific data the JCSS Model Code III (2000) provides the
following recommendations for model uncertainties:
Table 15. Recommended model uncertainties for material capacities (JCSS Model
Code III, 2000)

Model Type

Distribution

Mean

CoV

Bending moment capacity*
Shear capacity
Welded connection capacity
Bolted connection capacity
Resistance models concrete (static)

Lognormal
Lognormal
Lognormal
Lognormal

1.0
1.0
1.15
1.25

0.05
0.05
0.15
0.15

Bending moment capacity*
Shear capacity
connection capacity

Lognormal
Lognormal
Lognormal

1.2
1.4
1.0

0.15
0.25
0.10

Resistance models steel (static)

* including the effects of normal and shear forces

4.4.2

Model uncertainty for loading

In terms of the load side of the failure equation, the model uncertainties take care of
uncertainties such as:



uncertainties in the load calculation model
uncertainties in the load effect calculation model

In the Danish Road Directorate Report (DRD, 2004) uncertainties in the load calculation
models are taken into account by introducing the stochastic variable 𝐼𝑓 . From NKB report no.
35 (1978), if the material properties and uncertainty are assumed to be normally distributed,
the variation of 𝐼𝑓 may be incorporated into the analysis by increasing the coefficient of
variation of the action, 𝑉𝑓 , as:
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𝑉 2 = 𝑉𝑓2 + 𝑉𝐼2𝑓

(14)

If the action is non-normal, the variable If should be considered as a basic variable, which is
stochastically independent of other variables in the limit state function.


Permanent loads

The variable 𝐼𝑓 is modelled for each permanent load by an independent normally distributed
stochastic variable with mean value 0.0 and a standard deviation of 5% of the mean value of
the permanent load. If is introduced into the computation model by the addition of 𝐼𝑓 to the
relevant basic variables (NKB, 1978).


Variable loads

The model uncertainty for variable loads is introduced into the computation model by
multiplying the basic parameters by 𝐼𝑓 , where the variable 𝐼𝑓 is normally distributed with
mean value 1.0 and variation coefficient 𝑉𝐼𝑓 as given in Table 16 (DRD, 2004).
Table 16. Variation coefficient for uncertainties in the load calculation model for
variable loads (from DRD Report 291, 2004)
Uncertainty in Loading Model

𝑉𝐼𝑓

Low

Medium

High

0.10

0.15

0.20

The uncertainty of the loading model can generally be evaluated on the basis of the
confidence in the modelling. For a 90% confidence level, Low uncertainty corresponds to a
variation coefficient of 0.10 and an accuracy of approx. 15%, Medium uncertainty to a
variation coefficient of 0.15 and an accuracy of approx. 25% and High uncertainty to a
variation coefficient of 0.20 and an accuracy of approx. 35%. Note: these values of
uncertainties were calibrated for road bridges. The level of uncertainty associated with
railway structures is lower; therefore, the uncertainty associated with railway load models
could be reasonably taken as low, i.e. variation coefficient of 0.10 (O’Connor et al. 2009).
The load effect calculation models facilitate linear or nonlinear calculation of stresses, axial
forces, shear forces and bending and torsional moments etc. In this regard, model
uncertainties can arise as a result of failure to consider for example 3D effects,
inhomogeneities, interactions, boundary effects, simplification of connection behaviour,
imperfections and so on. The scatter of the model uncertainty will also depend on the type of
infrastructure considered (e.g. frame, plates, shell, solids, etc.). The JCSS Model Code III
(2000) provides recommendations for model uncertainties associated with load effect
calculations as outlined in Table 17.
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Table 17. Recommended probabilistic models for uncertainties in load effect
calculation models (JCSS Model Code III, 2000)

Model Type

Distribution

Mean

CoV

Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Normal
Normal

1.0
1.0
1.0
1.0
1.0
0.0
0.0

0.10
0.05
0.10
0.20
0.10
0.05
0.05

Load effect calculation
Moments in frames
Axial forces in frames
Shear forces in frames
Moments in plates
Forces in plates
Stresses in 2D solids
Stresses in 3D solids

Model uncertainties for capacity and loading in geotechnical engineering depend largely on
the type of analysis being carried out. There is limited information available on appropriate
values to use for model uncertainty when carrying out probabilistic assessments in
geotechnical engineering.
The following references provide some guidance.








Al-Homoud and Tanash (2004) – This research considers modelling uncertainty in
stability analysis for design of embankment dams on difficult foundations. As part of
the analysis the sensitivity of results to the model uncertainty parameters are
examined. In this case the model uncertainty bias varies between 1.0 and 1.3 and
the CoV varies between 0.11 and 0.25.
Yucemen and Al.Homoud (1990) – As part of this study the authors carried out a
three-dimensional probabilistic analysis of slope stability. In this case a bias and CoV
of 1.16 and 0.11, respectively, were assumed as input parameters for model
uncertainty.
Phoon (2005) – This paper examines model uncertainty parameters for laterally
loaded rigid drilled shafts and provides results from laboratory controlled tests and
full-scale field tests. Log-normally distributed model uncertainty parameters are
provided for the lateral (or moment) limit and the hyperbolic capacity where the bias
varies between 0.85 and 2.26 and the CoV varies between 0.27 and 0.4.
Forrest and Orr (2011) – This paper investigates the effect of model uncertainty on
the reliability of spread foundations. The authors concluded that the CoV for the
model uncertainty parameter needs to be greater than 0.15 to have a significant
effect on the calculation of 𝛽. The CoV is generally much less than 0.15 when using
the bearing resistance equation for spread foundation. The results tend to be more
sensitive to physical uncertainties associated with the soil strength parameters. The
effect of model uncertainty is more significant for drained conditions than undrained
conditions since the physical uncertainty associated with soil parameters is lower for
drained conditions.
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5 Load Modelling
5.1 Introduction
When assessing existing infrastructure, it is possible to have a more accurate assessment of
the loading than in design. The consequence of a more accurate load assessment is that it is
justifiable to reduce the associated load partial safety factors at the ultimate and
serviceability limit states and in the load combinations, to reflect the increased knowledge of
the loads (COST 345, 2004). Using knowledge of the actual loads also results in a more
accurate evaluation of the reliability index in a probabilistic assessment.
When determining load models for the assessment of railway infrastructure, special attention
must be given to the modelling of the railway load and dynamic effects. The following
chapter gives details of the loads to be considered with particular emphasis on train loads
and associated dynamic effects.
In performing an assessment, the assessor should take account of all likely loading
scenarios. Where relevant, the scenarios should include environmental effects such as those
due to wind, air pollution, moisture, chlorides etc. Environmental effects, including those due
to Climate Change, are not covered by this chapter but it should be noted that some of these
are important inputs for the degradation analysis. This chapter instead details permanent
loads (such as gravity, rails, sleepers, ballast) and variable loads (such as traffic and other
variable loads). Load distribution by the rails, sleepers and ballast is also discussed (Section
5.3).
The final section of this chapter discusses load combinations. In carrying out a reliability
analysis it will often be necessary to combine several load processes, e.g. load on two or
more tracks. With variable loads and combinations of variable loads a distinction is made
between the distribution of immediate values and extreme values, where the distribution of
extreme values is adjusted to the reference period of the safety assessment.

5.2 Permanent gravity loads
The permanent loads generally include the weight of the structure and earth pressures.
In a probabilistic safety assessment, permanent loads are generally modelled by normally
distributed variables (NKB, 1978). A distinction is generally made between the dead load of
the structure itself, G, and the superimposed dead load, GW.
In line with DRD (2004), the following can be used as a starting point:



G is assumed to be normally distributed with a variation coefficient of 5%
GW is assumed to be normally distributed with a variation coefficient of 10%

Note that permanent loads from different sources are assumed to be stochastically
independent and it is possible to reduce uncertainties by measurement. Note also that in
addition to the given variations, the uncertainty of the model should also be taken into
account (as discussed in Section 4.4).
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5.2.1

Self-weight

Self-weight includes the weight of the structure and the weight resulting from service cables,
ducting and other miscellaneous items such as walkways (any assumptions made regarding
such equipment should be clearly stated in the assessment calculations.) When calculating
the self-weight for assessment, the dimensions should, where possible, be based on
dimensions verified during the inspection. For the most conservative assessment level
analysis, the recommended values of unit weight given in JCSS (2000) and SB-LRA (2007)
or from drawings should be used. However, if the initial assessment shows inadequacies, or
there is doubt about the nature of particular material, tests should be carried out to
determine actual densities (SB-LRA, 2007). It should be noted that the Coefficieient of
Variation for self-weight will be dependent on both the material (e.g. steel, concrete) and the
type of construction (e.g. pre-cast, in situ).
5.2.2

Ballast

The ballast depth can either be determined from the drawings or from direct site
measurements. It is recommended to measure ballast depth (SB-LRA, 2007). When
performing more advanced assessments (such as Assessment level 3, see Chapter 2)
measurements of actual ballast depth and weight are essential.
When the ballast depth is measured, the weight should be based on the measured depth
with unit weight varying between 1600-2100 kg/m³ (SB-LRA, 2007). The density of the
ballast is dependent on its condition (e.g. older crushed ballast absorbs more water).
Therefore, the type and condition (clean/dry or wet/contaminated etc.) should always be
noted when estimating the density. Where required by the railway administration, any future
requirements for increase in ballast depth should also be taken into account.
UIC 776-1 (2006) recommends an additional factor of either 1.33 (ballast load effect
unfavourable) or 0.75 (ballast load effect favourable) should be applied to the nominal depth
of ballast beneath the underside of the sleeper to take account of the variability of the ballast
depth. The minimum and maximum nominal depths of ballast beneath the sleeper to be
taken into account should be specified by the commissioning body. Any additional ballast
provided below the nominal depth of ballast may be considered as an imposed moveable
load. Additionally, the ballast density (or range of ballast densities) to be taken into account
may also be specified by the commissioning party.
5.2.3

Track

A large range of sleepers, rails, ballast profiles and other track equipment exist. For
enhanced assessment, these loads have to be checked by the track maintenance office (SBLRA, 2007).
SB-LRA (2007) provides the various loads due to track components. Where a different
configuration of sleepers and rails has been identified during the inspection, the self-weight
to be used should be determined by measurement of dimensions of the configuration and by
reference to data on weights of components produced by the manufacturer. In a probabilistic
assessment, a coefficient of variation of 3% for steel elements, 8% for pre-cast concrete
sleepers and 15% for timber sleepers can be assumed (JCSS, 2000).
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5.2.4

Other permanent loads

Other permanent loads that should be considered are:







Soil pressure
Water pressure
Differential settlement
Concrete creep and shrinkage
Prestress
Movable loads (self-weight of non-structural elements, loading from overhead line
equipment, loading from other railway infrastructure equipment).

Further information can be found in EN 1991-2:2003 section 6.7.3.

5.3 Load distribution by the rails, sleepers and ballast
When assessing existing infrastructure, more sophisticated load distribution models than
those used for design should be used. Design codes (for examples EN 1991-2:2003) often
contain simplified models for the load distribution. Though such models are acceptable for
new structures and usually give safe values, for existing structures considering a more
sophisticated load distribution taking into account the contribution of the track can increase
the assessed load capacity, decrease the vertical bridge acceleration and decrease the
deflections. For Level 1 assessment (see Chapter 2) it is adequate to directly apply the axle
loads to the bridge deck as concentrated point forces. However, in intermediate and
enhanced assessment (i.e. assessment level 2 and 3), the beneficial effect of the track (i.e.
the rails, sleepers and ballast) should be considered. This requires often complex models
and commercial Finite Element (FE) packages in order to include a length of the track on the
approaches to the structure, across the structure and on the departure from the structure
(SB-LRA, 2007).

5.4 Vertical Train loads
5.4.1

WIM data available

When performing a probability based assessment, the inherent variables in the limit state
function should be described by statistical distributions (as discussed in Chapter 4). In this
subsection focus is on the statistical distributions suitable for modelling train loads. These
statistical distributions are generated using measurements of real train loads. Such
measurements can be carried out by using WIM techniques. WIM is well documented in the
literature and has been the focus of, and used in, many European projects (e.g. COST 323
(1999), WAVE (2001) SB-D4.3.2, (2007), and SAMARIS (2006)).
The load and location of each axle of passing trains can be obtained from WIM
measurements and the corresponding load effects in different locations of the railway
infrastructure and in different types of railway infrastructure elements can be calculated very
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accurately using the measurement information. If the measurements of the train loads are
made during a sufficiently long time period and it can be assumed that the train loads are
time invariant, i.e. there are not systematic changes in e.g. traffic type and train intensities,
then it is possible to fit the measured data to a common statistical distribution with a
cumulative distribution function, 𝐹𝑋 (SB-LRA, 2007). 𝐹𝑋 describes the natural variation of the
load on the specific line where the measurements were performed and is also valid for other
similar lines (O’Connor et al. 2009).
For variable loads, such as traffic loads which fluctuate in time, the interesting statistical
distributions, at least in the ultimate limit state, are the maximum distributions. The maximum
distributions describe the variation of the maximum loads during a reference period, T.
Where it is time consuming and due to economic reasons, not possible to collect data to
determine such distributions, other techniques such as simulation and extrapolation are used
to determine these distributions. Such techniques are described in the report SB4.3.2
(2006). A simple approach to determine the maximum distribution FY is given by:
𝐹𝑌 (𝑦) = [𝐹𝑋 (𝑥)]𝑛

(15)

where FX (x) is the parent distribution and FY (y) is the maximum distribution of n samples of
𝑥 all of which are independently identically distributed (e.g. 𝐹𝑋 (𝑥) is the distribution of 3000
trains passing over the bridge in one day and FY (y) is the distribution of max per day where
n =3000 OR 𝐹𝑋 (𝑥) is the distribution of 3000 trains passing over the bridge in one day and
FY (Y) is the distribution of max per year where n=3000*250 OR take FX (x) as max per day
and FY (Y) is the max per year where n= 250, assuming 250 working days per year). In this
situation n is the number of trains that pass over the bridge during the reference period. The
reference period for variable loads are generally set to one year. The choice of reference
period is directly linked to the safety index, β in design.
As an illustration, Figure 5 taken from SB-LRA (2007) shows the maximum distributions for
different n if FX (x) is assumed standard normal distributed. As can be seen, the mean value
increases and the standard deviation decreases when n increases.

Figure 5. Maximum of standard normal distributed independent random variables
47

D2.1 Guideline for Probability Based Multi Criteria Performance Optimisation of
Railway Infrastructure
DESTination RAIL – Decision Support Tool for Rail Infrastructure Managers

From SB-D4.3.2 (2007), equation 15 is the exact probability function for maxima, but it is not
always useful in practice because it doesn’t follow any standard distribution and it is often
very difficult to use analytically. Two exceptions are the cases when 𝐹𝑋 is exponential or
normally distributed. In both cases 𝐹𝑚𝑎𝑥 (𝑋) (where 𝐹𝑚𝑎𝑥 (𝑋) = 𝐹𝑌 (𝑦) = [𝐹𝑋 (𝑥)]𝑛 ) becomes
Gumbel distributed with cumulative distribution function given as:
𝐹𝑀𝐴𝑋 (𝑋) = 𝑒𝑥𝑝 (−𝑒𝑥𝑝 (−

𝑥−𝑏
))
𝑎

(16)

where a and b are parameters of the Gumbel distribution. For the case that 𝐹𝑋 is
exponentially distributed with cumulative distribution function
𝑥
𝐹𝑀𝐴𝑋 (𝑋) = 1 − 𝑒𝑥𝑝 (− ( ))
𝑚

(17)

where m is the parameter in the exponential distribution. The Maximum of n independent
identically distributed exponential random variables is Gumbel distributed with parameters
according to:
𝑎=𝑚

(18)

𝑏 = 𝑚 ∙ 𝑙𝑛(𝑛)

(19)

For the other case when 𝐹𝑋 is normally distributed, the parameters of the Gumbel distribution
become:
a=

1
fx (b) ∙ n

(20)

1
𝑏 = 𝐹𝑥−1 (1 − )
𝑛

(21)

Where 𝑓𝑋 is the probability density function for the normal distributed random variable 𝑋.
Finally, the parent distribution influences both the convergence and the variation of the
extreme value distribution, e.g. an exponential distributed variable converges faster than a
normal distributed variable, n ≈ 5 and n ≈ 20 respectively (SB-D4.3.2, 2007).
It has been found that equation 15 converges towards an asymptotic distribution when
n → ∞ (SB-D4.3.2, 2007). There is a family of three types of such maximum distribution
types I, II and III also called the Gumbel, Fréchet and Weibull distribution respectively. The
cumulative distribution function of a Gumbel distrib ution, Type I is given by equation 16 for
−∞ ≤ 𝑥 ≤ ∞. The cumulative distribution functions for maximum Types II and III are given in
SB-D4.3.2 (2007), and below:
The cumulative distribution function of a Fréchet distribution, Type II is given by:
𝐺𝑥 (𝑥) = 0

𝑥≤𝑏

(22)
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𝑥 − 𝑏 −𝑘
𝐺𝑥 (𝑥) = 𝑒𝑥𝑝 (− (
) )
𝑎

𝑥>𝑏

(23)

The cumulative distribution function of a Weibull distribution, Type III is given by:
𝐺𝑥 (𝑥) = 0

𝑥≤𝑏

𝐺𝑥 (𝑥) = 𝑒𝑥𝑝 (− (−

𝑥 − 𝑏 −𝑘
) )
𝑎

𝑥>𝑏

(24)
(25)

where a, b and k are the scale, location and shape parameter respectively. It is postulated in
equation 16 and equations 22-25 that the parameters a and b are > 0 and that parameter k is
≠ 0.
The three extreme value distributions, type I, II and III described above can be compounded
into one distribution called the General Extreme Value distribution (GEV), see WAFO (2000)
and Coles (2001), with cumulative distribution function given by:
1

𝑥−𝑏 𝑘
𝐹𝑥 (𝑥) = 𝑒𝑥𝑝 (− (1 − 𝑘
) )
𝑎

𝑖𝑓 𝑘 ≠ 0

𝑥−𝑏
))
𝑎

𝑖𝑓 𝑘 = 0

𝐹𝑥 (𝑋) = 𝑒𝑥𝑝 (−𝑒𝑥𝑝 (−

(26)

where a, b and k are the scale, location and shape parameter respectively. Equation 26 is
valid for 𝑘(𝑥 − 𝑏) < 𝑎, 𝑎 > 0 and k, b arbitrary. The shape parameter k is often called the
Extreme Value Index (EVI), because, if k > 0 the GEV is a Weibull distribution, if k = 0 the
GEV is Gumbel distributed and finally if k < 0 the GEV is Fréchet distributed. For the case
that 𝐹𝑋 is modelled a yearly distribution, the parameters of the maximum GEV distribution,
𝐹𝑚𝑎𝑥 (𝑋), were calculated by Caprani (2005) as:
𝑘𝑛 = 𝑘

(27)

𝑎
𝑛𝑘

(28)

𝑎
1
(1 − 𝑘 ) + 𝑏
𝑘
𝑛

(29)

𝑎𝑛 =

𝑏𝑛 =

Figure 6 from SB-D4.3.2 (2007) shows three GEV distributions with different shape
parameter.
In the event that the vertical train load does not follow any one of the distributions discussed,
a somewhat more cumbersome method of deriving the parameters of the yearly distribution
is suggested here which will require the use of a basic statistical coding platform:
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1. From the parameters of the parent distribution, generate an array of maximum data
by sampling from the nth root probability.
2. Fit the required distribution to the maximum yearly data using an appropriate
distribution fitting method such as maximum likelihood estimation (Raiffa & Schkaifer,
1961).
3. Confirm the quality of the fitted distribution with a goodness of fit (e.g. Kolmogorov–
Smirnov) test.

Figure 6. Probability distribution functions for GEV distributions with different shape
parameters, with equal scale and location parameters, a=2 and b=7 respectively (SBD4.3.2, 2007)

The above method of determining the statistical distribution from measurements is known as
the Extreme Value Theory (EVT). The Peaks Over Threshold (POT) method is used to
estimate quantities outside the range of observed data. The objective with the method is to
only use the extreme tails of the distribution of the observed data. A distribution which fits the
tail data well is chosen. This is done by choosing a suitable, relatively high threshold, u and
only uses the events, x that exceed u in the future analysis. The differences between x and u
are fitted to a standard distribution and from that distribution the extreme quantities are
estimated (SB-D4.3.2, 2007).
5.4.2

No WIM data available

Where WIM data is not available, alternative load models must be used in the probabilistic
assessment. This is not ideal and is rather a quasi-probabilistic rather than a probabilistic
analysis. In such cases, deterministic load model parameters may be taken from EN 19912:2003, for example, and assigned appropriate coefficients of variation. Examples of some of
these load models are given here.
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Note that the load models defined in EN 1991-2:2003 do not describe actual loads. They
have been designed so that their effects, with dynamic enhancements taken into account
separately, represent the characteristic effects of service traffic.
The following load models are provided in EN 1991-2:2003:





Load Model 71 to represent normal rail traffic on mainline railways
Load Model SW/0 for continuous bridges to represent normal rail traffic
Load Model SW/2 to represent heavy loads
Load Model “unloaded train”

5.5 Other variable loads
5.5.1

Thermal actions

Thermal effects may often have to be included in the assessment of capacity and
performance. They are particularly important for interaction between bridge and track and
have to be taken into account when assessing piers or abutments receiving fixed bearings.
Some information can be found in EN 1991-2:2003 Section 6.5.4. Principles and rules for
calculating thermal actions can be found in EN 1991-1-5 (2003).
Thermal action can be divided into:
1. change over time of the average temperature
2. maximum and minimum temperature gradients
3. differential temperatures between different sub elements
Thermal actions for a specific railway infrastructure at a specific site depend on the climate
conditions at the site (i.e. air temperature, solar radiation and wind), geometry and the
thermal properties of the material. Thermal actions associated with changes in average
temperature of the cross section are normally handled by appropriate boundary conditions
allowing more or less free movements so that stresses are not induced in the structure
except, e.g. frame bridges and bridges with seized bearings.
For thermal actions giving rise to gradients and differential temperatures the associated
movements are often restrained so that stresses are induced, especially for statically
indeterminate structures. Such imposed stresses may contribute to cracking. Thermal
actions have the most significant effect for serviceability limit states, but also for ultimate limit
states associated with brittle type failure modes and fatigue.
A correct estimation of the temperature loads is essential when the serviceability or fatigue
limit states are of concern. In the case of the assessment in the ultimate limit state, the
temperature load may be neglected for verification of failure modes where sufficient ductility
to allow for redistribution of the internal forces can be expected before the ultimate state is
reached. In such cases thermal actions will have no influence on the capacity (SB-LRA,
2007).
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5.5.2

Equivalent vertical loading for earthworks and earth pressure effects

According to UIC 776-1 (2006), for global effects the equivalent characteristic vertical
loading due to rail traffic actions for earthworks under or adjacent to the track may be taken
as the appropriate load model (LM71, or classified vertical load where required, and SW/2
where required). The load model should be uniformly distributed over a width of 3.00 m at a
level 0.70 m below the running surface of the track. No dynamic factor or enhancement
needs to be applied to the uniformly distributed load.
5.5.3

Centrifugal forces

The centrifugal force on the track should be taken into account when the track on a bridge is
curved over the whole or part of the length of the bridge. According to EN 1991-2:2003 and
UIC 776-1 (2006), the centrifugal forces should be taken to act outwards in the horizontal
direction at a height of 1.80 m above the running surface. The centrifugal force should
always be combined with the vertical traffic load and the centrifugal force should not be
multiplied by the dynamic factor.
The characteristic value of the centrifugal force (deterministic) shall be determined according
to the following equations provided in UIC 776-1 (2006):
𝑄𝑡𝑘 =

𝑣2
𝑉2
(𝑓 × 𝑄𝑣𝑘 ) =
(𝑓 × 𝑄𝑣𝑘 )
𝑔×𝑟
127𝑟

(30)

𝑞𝑡𝑘 =

𝑣2
𝑉2
(𝑓 × 𝑞𝑣𝑘 ) =
(𝑓 × 𝑞𝑣𝑘 )
𝑔×𝑟
127𝑟

(31)

where:
Q tk , qtk

are characteristic values of the centrifugal forces [kN, kN/m],

Q vk , qvk

are characteristic values of the vertical loads for Load Models 71, SW/0,
SW/2 and “unloaded train”

f

reduction factor [f =1 for 𝑉 ≤ 120 km/h, see EN 1991-2:2003 for more details]

v

maximum speed [m/s]

V

maximum speed [km/h]

g

acceleration due to gravity [9.81 m/s2]

r

radius of curvature [m]

5.5.4

Nosing force

EN 1991-2:2003 recommends that the nosing force should be taken as a concentrated force
acting horizontally, at the top of the rails, perpendicular to the centre-line of the track. It
should be applied on both straight track and curved track. The characteristic value of the
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nosing force should be taken as Q sk = 100kN. The nosing force should always be combined
with a vertical traffic load. The nosing force should not be multiplied by the dynamic factor.
The characteristic value of the nosing force should be multiplied by the factor α for values of
α ≥ 1. Further details can be obtained in EN 1991-2:2003, Section 6.5.2.
5.5.5

Actions due to traction and braking

Recommendations for traction and braking forces are given in EN 1991-2:2003 Section
6.5.3. These forces act at the top of the rails in the longitudinal direction of the track. They
should be considered as uniformly distributed over the corresponding influence length La,b
for traction and braking effects for the structural element considered. The direction of the
traction and braking forces should take account of the permitted direction(s) of travel on
each track.
The characteristic values of traction and braking forces recommended in the Eurocode are
as follows:
Traction force: Q lak = 33[kN/m] La,b [m] ≤ 1000 [kN] for Load Models 71, SW/0 and SW/2
Braking force: Q lb k = 20[kN/m] La,b [m] ≤ 6000 [kN] for Load Models 71 and SW/0
Q lb k = 35[kN/m] La,b [m] for Load Model SW/2
Notes on traction and braking forces:






Traction and braking may be neglected for the load model “unloaded train”
The characteristic values of traction and braking forces shall not be multiplied by the
dynamic factor
Traction and braking forces should be combined with the corresponding vertical
loads
In the case of a structure carrying two or more tracks, the braking forces on one track
should be considered with the traction forces on one other track
The characteristic values given above for Load Models SW/0 and SW/2 should be
multiplied by the factor α

When the track is continuous at one or both ends of a bridge, only a proportion of the
traction or braking force is transferred through the deck to the bearings, the remainder of the
force being transmitted through the track where it is resisted behind the abutments. The
proportion of the force transferred through the deck to the bearings should be determined by
taking into account the combined response of the structure and track in accordance with UIC
Leaflet 774-3.
5.5.6

Track bridge interaction

Relative displacements of the track and of the bridge, caused by a possible combination of
effects such as thermal variations, train braking or deflection of the deck under vertical traffic
loads lead to the track-bridge phenomenon that can result in additional stresses to the bridge
and the track (Calgaro et al, 2010). Where the rails are continuous over discontinuities in the
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support to the track (e.g. between a bridge structure and an embankment), longitudinal
actions are transmitted partly by the rails to the embankment behind the abutment and partly
by the bridge bearings and the substructure to the foundations. It is important to underline
that the limit states for the track depend on its design and state of maintenance.
It is also important to minimise the forces lifting the rail fastening systems (vertical
displacement at deck ends), as well as horizontal displacements (under braking/starting)
which could weaken the ballast and destabilise the track. It is also essential to limit angular
discontinuity at expansion joints and switches near abutments in order to reduce any risk of
derailment (Calgaro et al, 2010).
Note: In principal, interaction should be taken into account as a serviceability limit state
(SLS) as regards bridges, as well as being an ultimate limit state (railway traffic safety) as
regards rails.
5.5.7

Other variable loads

Other variable loads that need to be considered for the assessment of existing bridges
include (EN 1991-2, 2003):

















horizontal mass action
snow load
wind load (characteristic values are given in EN 1991-1-4 (2003))
pressure from ice and currents
actions from waves and flowing water
water pressure (ground water, free water, uplift)
actions from soil
frictional forces from bearings
loads on footpaths (5kN/m2 for non-public footpaths, for use by authorised persons)
longitudinal forces (from designer’s guide, interaction between track and structure)
live load surcharge horizontal earth pressure
the effects of scour
water borne debris
avalanche (where required by relevant authority)
mud slides (where required by relevant authority)
aerodynamic actions from passing trains (EN 1991-2:2003 Section 6.6 – to be taken
into account when designing structures adjacent to railway tracks, noise barriers etc.)

5.6 Accidental Loads
Accidental loads include:





Derailment of rail traffic on the bridge (EN1991-2:2003, Section 6.7.1)
Derailment of rail traffic beneath or adjacent to the bridge (EN 1991-1-7)
Accidental loading from errant road vehicles beneath the bridge
Accidental loading from over height road vehicles beneath the bridge
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Ship impact
Actions due to rupture of catenaries
Actions due to accidental breakage of rails
Fire (where required by relevant authority)

Other actions for Accidental Design Situations are given in EN 1991-1-7 and should be taken
into account if necessary.

5.7 Dynamic effects
The load effect generated by trains consists of two parts; one static and one dynamic. The
static part is due to the gravity effect of the train at rest and the dynamic effect occurs when
the train moves. The dynamic effect comes in the form of vertical vibration. In this section the
magnitude of the dynamic effect is described. SB- D4.3.2 (2007) explores and presents a
recommendation for the statistical description of the dynamic effect.
The principal factors which influence dynamic behaviour are:
1. the speed of traffic
2. the span L of the element and the influence line length for deflection of the element
being considered
3. the mass of the railway infrastructure
4. the natural frequencies of the whole structure and relevant elements of the structure
and the associated mode shapes (eigenforms) along the line of the track
5. the number of axles, axle loads and the spacing of axles
6. the degree of damping
7. vertical irregularities in the track
8. the unsprung/sprung mass and suspension characteristics of the vehicle
9. the presence of regularly spaced supports of the deck slab and/or track (cross
girders, sleepers etc.)
10. vehicle imperfections (wheel flats, out of round wheels, suspension defects etc.)
11. the dynamic characteristics of the track (ballast, sleepers, track components etc.)
The criteria for determining whether a dynamic analysis is required are given in UIC leaflet
776-2. It is important that the natural frequency of all structures subject to dynamic loading
should be checked. WIM data can also be used to calculate site specific dynamic
amplification as shown in SAMRAIS (2006). Deliverable 2.2 of the DESTination Rail project
also gives a method for calculating a probabilistic distribution for dynamic allowance on a
bridge structure with a basic structural health monitoring system in place. DRD (2004) and
O’Connor (2009) recommend the use of a normal distribution for the modelling of dynamic
amplification. However, Deliverable 2.2 suggested that a lognormal distribution may be more
appropriate for railway live loading
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5.8 Fatigue loads
According to EN1991-2:2003, a fatigue damage assessment should be carried out for all
structural elements, which are subjected to fluctuations of stress. For normal traffic based on
characteristic values of Load Model 71, including the dynamic factor Φ, the fatigue
assessment should be carried out on the basis of the traffic mixes, "standard traffic", "traffic
with 250 kN-axles" or “ight traffic mix” depending on whether the structure carries mixed
traffic, predominantly heavy freight traffic or lightweight passenger traffic in accordance with
the requirements specified. Details of the service trains and traffic mixes considered and the
dynamic enhancement to be applied are given in Annex D of EN 1991-2:2003. Each of the
mixes is based on an annual traffic tonnage of 25 × 106 tonnes passing over the bridge on
each track. Note that a special traffic mix may be specified in the National Annex or for the
individual project.
For structures carrying multiple tracks, the fatigue loading should be applied to a maximum
of two tracks in the most unfavourable positions. Alternatively, the fatigue assessment may
be carried out on the basis of a special traffic mix.
Vertical rail traffic actions including dynamic effects and centrifugal forces should be taken
into account in the fatigue assessment. Generally nosing and longitudinal traffic actions may
be neglected in the fatigue assessment.
It is recommended that the probabilistic fatigue analysis should be evaluated by the following
limit state function in conjunction with the cumulative damage hypothesis (Miner’s rule):
𝑛

𝑔(𝑥) = 𝐷𝑐𝑟𝑖𝑡 − ∑
𝑛=𝑖

𝑛𝐸𝑖
𝑁𝑅𝑖

(32)

Where nEi is the number of cycles associated with a specific stress range, 𝜎𝑖 ; and NRi is the
endurance (in cycles) related to a specific detail category under consideration at stress
range 𝜎𝑖 . 𝐷𝑐𝑟𝑖𝑡 is defined here as the critical cumulative damage for the detail under
consideration. As a starting point, in line with work by Kwon and Frangopol (2010), it is
recommended that 𝐷𝑐𝑟𝑖𝑡 be considered as a lognormal distributed variable with mean and
standard deviation equal to 1.0 and 0.3, respectively. However, different distributions may be
considered for the material / section under consideration as given by Crespo and Casas
(1998). It is recommended that stochastic representation of 𝑛𝐸𝑖 be obtained by rain-flow
analysis of stress signals. In order to obtain a probabilistic representation of stress, one or
more of the following methods may be applied:
1. Influence line analysis of finite element models using the stochastic train loading
described in this chapter. The load model used should be representative of daily
traffic at the site. Uncertainty and dynamic amplification should also be considered. It
is also recommended that models are calibrated on the basis of measurement.
2. Strain/stress signals can be obtained directly from measurement. In this case, it is
recommended that the signals be multiplied by a random variable, e, to account for
error in measurement. e may be considered as a lognormal distributed variable with
a mean value equal to 1.0 and a standard deviation of 0.03 after Kwon and
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Frangopol (2010). Principal stress signals may be assumed to represent total (static
+ dynamic) loading.
3. SB-LRA (2007) recommends that probabilistic train load models for the fatigue
analysis may be deduced from reliable traffic data (from WIM or other
measurements) using the same approach outlined in Section 5.4.1.
Guidelines for stochastic modelling of 𝑁𝑅𝑖 for specific stress ranges are given in section 6.7
of this deliverable for various materials. Deliverable 2.2 of the DESTination Rail project gives
an example of a probabilistic fatigue analysis for a riveted steel truss railway bridge.

5.9 Application of traffic loads on railway bridges
EN1991-2:2003 recommends that a structure should be designed for the required number
and position(s) of the tracks in accordance with the track positions and tolerances specified.
However, each structure should also be designed for the greatest number of tracks
geometrically and structurally possible in the least favourable position, irrespective of the
position of the intended tracks taking into account the minimum spacing of tracks and
structural gauge clearance requirements specified. In an assessment the most adverse
effects should also be checked.

5.10 Groups of loads – characteristic values of the multi-component
action
The simultaneous action of the vertical, horizontal and derailment loading may be taken into
account by considering the groups of loads defined in Table 6.11 in EN 1991-2:2003. Each
of these groups of loads, which are mutually exclusive, should be considered as defining a
single variable characteristic action for combination with non-traffic loads. Each group of
loads should be applied as a single variable action.
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6 Modelling of Resistance Variables
6.1 Introduction
When performing a safety assessment, it is important to accurately model resistance. The
resistance models require information of the material properties (such as strength and
stiffness) as well as the dimensions. Consideration of the temporal nature of resistance is
also important. This chapter considers different material properties and pays particular
attention to the associated probabilistic distributions. The chapter firstly looks at reinforced
concrete and this is followed by prestressed concrete, steel, masonry and finally soil.

6.2 Reinforced concrete
6.2.1

Concrete

Material models for concrete must include the compressive strength, ‘𝑓𝑐 ’, the modulus of
elasticity, 𝐸𝑐 , the compressive strain and information on shrinkage and creep. COST345
(2004) identifies that the main sources of uncertainty in these concrete properties are due to
variations in the properties of the concrete and proportion of concrete mix, variations in
mixing, transporting, placing and curing methods, variations in testing procedures, and
variations due to concrete being in a structure rather than in test specimens (Mirza, 1979).
Concrete compressive strength is a very important parameter as it is generally included in
models defining the load carrying capacity of a concrete structure and is also often used as
the basis variable for determining a number of other parameters (DRD, 2004). Normal and
lognormal distributions have both been used in the literature to represent the probability
density function of this parameter, although lognormal is generally preferred (COST 345,
2004; PIARC, 2000).
When defining the mean value of the compressive strength for an existing structure, it is vital
that original documentation, including design codes at the time of the original design, is
consulted. It is very important to know the relationship between the characteristic and mean
strengths and this relationship can be code dependent (O’Connor & Enevoldsen, 2008). The
COV is generally higher for lower strength concrete. In DRD (2004) the values range from
0.12 for the higher strength concretes, i.e. 40 MPa to 50 MPa to 0.22 for 5 MPa. PIARC
(2000) suggests a COV of 0.2 to reflect the uncertainties associated with the material
properties and the condition at the time of assessment.
The other material properties of concrete (e.g. tensile strength, modulus of elasticity) can be
determined from the compressive strength. It should be noted, however, that the Coefficient
of Variation of these properties are normally higher than that of the compressive strength
The shrinkage and creep of the concrete can be determined by considering the available
information on the age and geometry of the structure, the w/c ratio of the concrete and the
surrounding site climate. When assessing an existing structure, the age will usually be such
that shrinkage and creep can be considered as having terminated. If they are to be included,
the mean values of both shrinkage and creep can be determined using the approach in
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Section 2.1.6.4 in the CEB-FIP Model Code (1991). Adopting that approach, the shrinkage
strain can be taken as normally distributed with a COV of 0.35 and creep strain can also be
taken as normally distributed with a COV of 0.2 (DRD, 2004).
Model uncertainty, discussed in Section 4.4.1, should be included in analyses. Note that the
model uncertainty can be reduced if the structure has been tested to an extent sufficient to
document variations.
6.2.2

Reinforcing steel

The uncertainties in the estimation of the strength of steel reinforcement are due to the
variation in the strength of material, variation in the cross-section, effect of rate of loading,
effect of bar diameter on properties of the bar and effect of strain at which yield is defined
(Mirza, 1979). Also, different tests can sometimes be performed to measure the same
property. For example, yield strength recorded by the manufacturer in mill tests is
approximately 8% greater than the actual static yield strength so there are often two quoted
steel strengths, the mill strength and the static strength. The mill strength tests are
performed at a rapid rate of loading and use actual areas while the static strengths are
determined based on nominal area and use a strain of rate that is similar to that expected in
a structure.
DRD (2004) suggests that the tensile yield stress, 𝑓𝑦 , can be assumed to be lognormally
distributed with a constant standard deviation of 25 MPa independent of the grade. A table
(Table 6.4) is presented in DRD (2004) with the recommended mean for smooth round bars,
ribbed bars and cold-formed bars with characteristic strengths ranging from 235 MPa to 550
MPa. The PIARC (1999) report also suggests a lognormal distribution for the yield strength
of steel. The lognormal distribution follows the positive skewness of obtained data and also
precludes non-negative values of strength. For high strength steel the suggested standard
deviation is 30-35 MPa which corresponds with JCSS III (2000) which suggests 30 MPa.
In terms of the cross-section, the actual areas of the reinforcing bars can differ from the
nominal areas due to the rolling process. COST 345 (2004) suggests a normal distribution to
represent the uncertainty. For groups of bars, PIARC (1999) suggests a lognormal random
variable and presents an approach for calculating the resistance provided by a group of bars
as a sum of the resistances of individual bars. In this case, the mean value and standard
deviation (of the group of bars) can be obtained as a function of individual bar characteristics
and, possibly, different models for the correlation between areas and between strengths of
bars.
PIARC (1999) also suggests that the effective depth (distance from the compressive face of
the section to the centre of reinforcement) of the reinforcement should be modelled as a
random variable. This parameter can be affected by inaccuracies in slab thickness, height
and spacing of supporting formwork or the diameters of the bars. While the mean values for
the probabilistic distribution for this random variable can be taken as equal to the nominal
value, the COV will vary depending on the placement (i.e. top or bottom) and for possible
deterioration. It can be in the range of 5% to 20%.
The depth of cover to reinforcement is also suggested to be taken as a random variable with
a lognormal distribution (PIARC, 1999). The modulus of elasticity and the ultimate strain of
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the reinforcement can however, often be modelled deterministically. Such an assumption will
not significantly affect the safety calculation (DRD, 2004). The compressive stress can be
determined from the tensile yield stress if no other information is available. If the
reinforcement is not cold-formed then they can be assumed to be equal, and, in the case of
cold-formed reinforcement the compressive yield stress is reasonably taken as 0.8 times the
tensile yield stress (DRD, 2004).
Model uncertainty should be included in analyses to account for the uncertainty in the
determination of the parameters. Where tests have been carried out on the structure, the
model uncertainty can be reduced.

6.3 Prestressed concrete
In general, concrete standards do not give characteristic values for relevant material
parameters for prestressed reinforcement. These values must therefore be based on
documentation from the design or the manufacturer’s documentation (DRD, 2004).
In a probabilistic safety assessment involving a prestressed concrete bridge, the strength of
the prestressing steel can be modelled as a lognormally distributed variable (O’Connor &
Enevoldsen, 2008). A low COV, circa 0.04 is generally sufficient for prestress steel. The
ultimate strain and the modulus of elasticity for the prestressing steel can be modelled
deterministically without affecting the safety calculations. The prestressing force at any given
time should be determined by taking the relevant losses into account.
Model uncertainty should also be included with calculations involving prestressed concrete.

6.4 Structural Steel
For the probabilistic model for the yield stress, 𝑓𝑦 , of structural steel, a lognormal distribution
is recommended (JCSS III 2000; DRD 2004). The mean value is dependent on the steel
grade and the thickness, t, and is greater than the characteristic value. JCSS III (2000)
proposes a probabilistic model and DRD (2004) presents a table with recommended mean
values for various grades of steel.
Studies differ on whether the standard deviation or the COV of the yield stress should
remain constant. DRD (2004) suggests 25 MPa for all grades of steel whereas JCSS III
(2000) suggests a COV of 0.07.
A lognormal distribution is also recommended for the ultimate tensile stress of structural
steel. Again, DRD (2004) recommends a constant standard deviation of 25 MPa for all steel
grades while JCSS III (2000) recommends a constant COV of 0.04.
The modulus of elasticity, shear modulus and Poisson’s ratio can either be taken as
deterministic or a lognormal distribution with small COV of 0.03 suggested.
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6.5 Masonry
The main materials used in masonry construction include a variety of bricks and stone
typically separated by bed and vertical joints consisting of some type of mortar. The quantity
of mortar depends on the construction type (e.g. the percentage of mortar per unit volume in
multi-ring brickwork arches is 20% but is only 2% in the case of dressed stone voussoir
arches).
Most methods of assessment for masonry arch bridges require the assessing engineer to
make some assumptions regarding the properties of the constituent materials. The
assumptions are dependent on the method of analysis and range from simplifying
assumptions like infinite stiffness and strength in compression and no tensile strength to very
sophisticated mathematical models which consider interface bond and non-linear behaviour
of heterogeneous assemblies. Determining the material properties of masonry bridges is a
difficult task and methods for determining the properties and the assessment of masonry
bridges was a significant aspect of the Sustainable Bridges project. Chapter 8 in the final
report (SB-LRA, 2007) is dedicated to Masonry Bridge Structures as well as the background
document SB4.7.
The basic properties of masonry structures that should be included in an assessment are:
elastic modulus, compressive and tensile strengths, bond strengths and shear strengths.
Other properties include thermal coefficient, viscous deformation and fatigue properties. A
good deal of experience is needed to determine realistic values for these properties.

6.6 Soil
There is great uncertainty associated with soil parameters and the geotechnical conditions of
different sites can vary greatly over short distances. It is therefore necessary to carry out
extensive site testing in the immediate vicinity of the bridge to determine relevant soil
strength parameters. The uncertainty in the parameters can be determined on the basis of
the guidelines in NKB report no. 35 (1978) and/or JCSS (2006) (Phoon 2005). In general,
the variables relating to load and resistance including friction angle and cohesion can be
effectively modelled using normal or lognormal distributions, when a site is large or has
significant variance across it, the spatial variability should also be evaluated. A thorough
explanation of how to account for soil spatial variation is given in Elkateb et al. (2003).

6.7 Fatigue
Various publications exist in the literature for stochastic representation of the number of
cycles to fatigue failure, 𝑁𝑅𝑖 , for a given stress range. A brief overview is given here.
6.7.1

Structural steel

Examples in the research have suggested the use of a lognormal distribution for fatigue life,
𝑁𝑅𝑖 . Tobias (1997) recommends that the mean value may be taken from codified fatigue
strength curves as these are taken to represent the 50% confidence level. Tobias (1997)
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recommends a CoV of 0.21 for 𝑁𝑅𝑖 . Sang-Hyo et al. (2001) give recommendations for
probabilistic modelling of the fatigue constant, 𝐴, used in the AASHTO standards. Equation
33 gives 𝑁𝑅𝑖 as a function of fatigue constant, 𝐴, and stress range, 𝜎𝑖 .
𝑁𝑅𝑖 = 𝐴𝜎𝑖𝑚

(33)

Sang-Hyo et al. (2001) recommend that a lognormal distribution should be used to model A.
Sang-Hyo et al. (2001) used simulation to derive the parameters of the distribution for fatigue
categories C and E based on testing results from Albrecht (1983). The procedure is
extended here to provide distribution parameters for fatigue categories A-E. Table 19 gives
the parameters of the associated lognormal distribution for the fatigue constant, 𝐴, along
with the slope of the fatigue strength curves as noted by Albrecht (1983)
Table 18. Parameters of Lognormal distribution for 𝑨 for structural steel after SangHyo et al. (2001)
Fatigue
Category

Mean

Standard dev.

(MPa)

(MPa)

A

31.74

0.72

3.178

B

31.54

0.48

3.372

C

29.20

0.52

3.097

D

28.04

0.36

3.071

E

27.37

0.33

3.095

6.7.2

m

Steel reinforcement

Crespo and Casas (1998) recommend that 𝑁𝑅𝑖 for steel reinforcement should be
represented by a two-parameter Weibull distributed variable. Table 19 gives the scale and
shape parameters of the Weibull distribution as a function of stress range, 𝜎𝑖 .
Table 19. Parameters of Weibull distribution for 𝑵𝑹𝒊 for steel reinforcement after
Crespo and Casas (1998)
𝝈𝒊

A

B

(MPa)

(scale parameter)

(shape parameter)

> 245

𝑒 47.7 𝜎𝑖−6

2.57

< 245

𝑒 64.3 𝜎𝑖−9

2.19

< 205

𝑒 74.9 𝜎𝑖−11

1.97
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6.7.3

Prestressed steel reinforcement

Crespo and Casas (1998) recommend that 𝑁𝑅𝑖 for prestressed steel reinforcement should be
represented by a two-parameter Weibull distributed variable. Table 20 gives the scale and
shape parameters of the Weibull distribution as a function of stress range, 𝜎𝑖 .
Table 20. Parameters of Weibull distribution for 𝑵𝑹𝒊 for prestressing steel after Crespo
and Casas (1998)
𝝈𝒊

A

B

(MPa)

(scale parameter)

(shape parameter)

> 165

𝑒 29.3 𝜎𝑖−3

4.28

< 165

𝑒 49.7 𝜎𝑖−7

3.21

6.7.4

Concrete

EN 1992-1-1:2004 gives guidance on deterministic fatigue verification of concrete under
fatigue loading. Oh (1991) recommends a Weibull distribution for 𝑁𝑅𝑖 and gives parameters
for various stress ranges. Many researchers including Oh (1991) and Li et al. (2007)
represent distributions for 𝑁𝑅𝑖 based on the fatigue ratio, 𝑆𝑖 , defined as:
𝑆𝑖 =

𝜎𝑚𝑎𝑥
𝜎𝑝

(34)

Where 𝜎𝑚𝑎𝑥 is the maximum fatigue stress and 𝜎𝑝 is the flexural strength, or modulus of
rupture, of the concrete. Table 21 gives the parameters of the Weibull distribution for 𝑁𝑅𝑖
derived by Li et al. (2007).
Table 21. Parameters of Weibull distribution for 𝑵𝑹𝒊 for plain concrete (Li et al., 2007)
A

B

(scale parameter)

(shape parameter)

0.85

331

0.5372

0.80

2911

0.4552

0.75

6567

0.5516

0.70

27502

0.5639

𝑺

In Singh and Kaushik (2003) parameter estimations are given for a Weibull distribution for
modelling fatigue life of Steel Fibre Reinforced Concrete (SFRC) for various stress ranges.
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7 Updating of Variables and Distributions
7.1 Introduction
Uncertainty due to inherent variability is unavoidable. In some cases, it cannot be reduced.
For example, the wind loads on a structure cannot be modified by human intervention in a
reasonable way (COST 345, 2004). At the design stage uncertainty due to inherent
variability may be reduced by ensuring quality control measures (e.g. of concrete strength).
This is not helpful however for assessing existing railway infrastructures. When performing a
safety evaluation of an existing railway infrastructure there is uncertainty associated with
determining material parameters and resistance models as well as loading models. The
magnitude of the uncertainty is dependent on the amount of information available on the
materials and on the availability of test results, for both resistance and loading. There are
methods to reduce the uncertainties associated with assessment variables and this chapter
discusses these methods.
In Chapter 4 uncertainties were discussed in detail. Statistical uncertainty represents
uncertainty resulting from the lack of sufficiently large samples of data to obtain a stable
probability distribution function for the data whereas modelling uncertainty is associated with
the accuracy of the models employed. These uncertainties can be reduced by adopting more
accurate models and updating existing models. In updating an existing model, ‘a priori’
values for probability distribution functions for various random variables can be used
together with any site specific data in order to provide ‘posterior’ distribution functions.
Material properties, including damage and deterioration, as well as loads can benefit from
updating.
This chapter discusses updating and presents information on how testing and inspection
results can be incorporated to update initial estimations or distributions. The chapter looks at
updating and presenting methodologies for incorporating the results of testing or monitoring.

7.2 Testing and inspection results
When deriving theoretical models of resistance and loading, the assessor must generally
make initial assumptions based on the literature and his/her knowledge and experience.
Testing and monitoring can be used to validate and, if necessary, update the assumptions.
Testing is generally in reference to the behaviour of the railway infrastructure at a particular
point in time whereas monitoring refers to continuous observation by means of sensors.
Testing and monitoring are only employed in advanced levels of assessment (see Chapter
2) and the cost associated with them is really only justifiable if a critical element of railway
infrastructure fails at the first levels of assessment. When employed however, they can
greatly improve the knowledge of the condition of the railway infrastructures and its evolution
over time. They can also provide greatly improved information on the actual loads.
Testing is an expensive process and as such, it must be carefully planned prior to
commencement. It is important to remember that the aim of testing is to gather information
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about the parameters that are relevant for the assessment calculations. It is recommended
that the following should be considered in the planning stage (SB-LRA, 2007):






Type of tests to be carried out
The number of measurements necessary to obtain reliable results
The limitations of the testing procedures
The location for which representative values can be found
The need of complementary devices to carry out the tests.

Testing can be used to obtain details of the structural geometry and integrity, material
properties (mechanical and durability), performance of structural components and the
structure itself and the condition of the railway infrastructure (i.e. presence and intensity of
defects and deterioration). Testing can also provide information on permanent and variable
loads.
The railway infrastructure geometry and integrity can be obtained in the first instance from
visual inspection and some simple superficial measurements. This may not always provide
sufficient or accurate information and in such cases measurements and other tests,
preferably non-destructive, must be performed. There are many guidelines and reports
available on Non Destructive Testing (NDT), Minor Destructive Testing (MDT) and
Destructive Testing (DT) (SB-ICA, 2007; IAEA, 2002; OFM, 2005; NI, 2003; Scott et al.
2001).
Mechanical material properties can be determined by tests performed on the structure or on
specimens taken from the structure. The most reliable way is by performing destructive tests
on samples taken from the structure (SB-ICA, 2007). Durability properties can also be
determined using both destructive testing and NDT. Further information can be obtained
from SB-ICA (2007) and SB-LRA (2007).
Theoretical models can be used to determine the structural behaviour of structural
components or the structure as a whole. If necessary however, they should be calibrated
using the laboratory tests. Such tests can be performed on specimens taken from the
structure (or similar structure) or specially constructed samples can be used. In a
deterministic analysis the theoretical models can be calibrated or upgraded using ‘Annex D –
Design assisted by testing’ of EN 1990 (2002) and in a probabilistic analysis the methods
described in Section 7.3 can be used.
Load tests can also be performed. The objective of these tests is to apply a controlled load
to the structure and monitor the response. There are two types: diagnostic tests and proof
tests. Within diagnostic there are static and dynamic tests. Further information can be found
in SB-LRA (2007).
In a safety assessment, an accurate knowledge of real loads acting on the railway
infrastructure can have a significant influence on the results. Therefore, when necessary,
there are many tests available to obtain more loading information. For example, the
permanent load can be obtained using the results of the geometrical survey and the
expected or measured material densities. Or, the permanent load can be directly obtained by
e.g. weighing the bridge deck using hydraulic jacks. The variable loads, such as traffic
loading, can be determined using WIM (as mentioned in Section 5.4).
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It can be seen that testing is useful for providing information on the actual state of the railway
infrastructure. Monitoring, on the other hand, can provide information on how the
infrastructure and the loads acting on it are changing. Monitoring not only provides
information on time dependent parameters, but it also provides more data and therefore the
quantification of the parameters for the models is more reliable (SB-LRA, 2007).
Some of the information that can be collected by monitoring includes:












Deck deflection and rotation
Stress levels and changes
Change of water level
Vibration characteristics
Temperature variations
Wind speed and direction
Corrosion rates and crack widths
Water speed and rise of rivers
Scour at abutments and piers
Rise and fall of tides
Bridge traffic loads

Obtaining this information can greatly increase the understanding of condition, performance,
evolution of degradation processes and loads acting on the railway infrastructure.

7.3 Updating individual structural properties or whole structure
properties
After obtaining supplemental information from tests or monitoring, the results can be used in
two ways:


7.3.1

Update the distribution parameters of a particular variable using observations
obtained on that variable (e.g. concrete compressive strength)
Directly update the structural failure probability of the structure (e.g. test loading).
Individual parameters

For a particular variable (material or load), the distribution parameters such as mean and
standard deviation can be estimated and updated. When doing so, the uncertainty in the
measurement should be stated and taken into account in the estimation of the distribution
parameters. Therefore, the estimation of the distribution parameters should be carried out
using a method which determines the statistical uncertainty of the parameters (DRD, 2004).
This means that the distribution parameters can be estimated on the basis of, e.g. Maximum
likelihood or Bayesian statistics. The statistical uncertainty of the distribution should then be
taken into account in the subsequent reliability analysis.
Maximum likelihood and Bayesian statistics are well documented in the literature (Raiffa &
Schkaifer, 1961; Box & Tiao, 1972; Lindley, 1976). The maximum likelihood method allows
the quantification of the uncertainty of the estimated distribution parameters, but the
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database must be sufficiently large to determine the statistical uncertainty. Bayesian
statistics can be used, however, even if the database is small, to determine both the
uncertainty of the estimated distribution parameters and the statistical uncertainty.
Bayesian statistics require ‘a priori’ knowledge of the distribution parameters. The
distribution parameters can be the mean or the standard deviation or both (or any other
parameters that describe the distribution). The distribution descriptors or parameters can
come from subjective knowledge based on expert opinion but it is important that all
information on the ‘a priori’ data must be well documented and care must be taken to avoid
inappropriate assumptions or conclusions (i.e. the a priori knowledge must be as accurate as
is reasonably possible). The Bayesian statistics method is based on the updating of
distribution parameters for a particular variable, so therefore the a priori knowledge consists
of a distribution function for the mean and/or standard deviation of the variable under
consideration. Some examples of ‘a priori’ knowledge for railway infrastructure may include:





Published guidelines for similar types of infrastructure from a similar time period.
Previous testing performed on the infrastructure element in question, or similar types
of infrastructure (e.g. shear strength testing of soil from sites with similar
characteristics).
Loading information from similar sites. Leahy et al. (2015) showed how WIM data
from various sites may be used as ‘a priori’ information in Bayesian updating.

The ‘a priori’ distribution function can then be updated to a ‘posteriori’ distribution function
using measurement or evidence data or any supplemental data available. The measurement
data is used to create a likelihood function, and, using Bayes Theorem the likelihood function
is combined with the a priori information to create the a posteriori distribution. The
expressions are well documented in the literature (e.g. Raiffa and Schlaifer, 1961; JCSS,
2001). SB-LRA (2007) also gives detailed description of the method. A summary of the
method is given here.
The updating of the individual or multivariate probability distribution is achieved using the
following equations:
𝑃(𝑋|𝐸) = 𝑃(𝑋)𝑃(𝐸|𝑋)/𝑃(𝐸)

(35)

Where






P = probability mass (or density)
X = random variable in question
E = the evidence or information available (may also be denoted as I)
P(X) = prior probability mass or density function of x
P(E|X) = the conditional likelihood function (likelihood of finding information E for



given value x of X) – it can also be written as L(x|E)
P(E) = normalising factor

Once the updated distribution for the basic variable, 𝑃(𝑋|𝐸), is obtained, it can be directly
included in the reliability analysis to determine the updated safety estimation for the railway
infrastructure. Any number of variables can be updated depending on the information
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available. DRD (2004) discusses examples from Lindley (1976), which will be discussed
here. A procedure is given for statistical updating of a normal distributed variable for 3
separate cases:
1. Unknown mean, known standard deviation.
2. Known mean, unknown standard deviation.
3. Unknown mean, unknown standard deviation.

Case 1: Unknown mean, known standard deviation.
Let 𝑌 be a normally distributed variable denoted by 𝑌~𝑁(𝜃, 𝜎 2 ), where σ2 is the known
variance and the prior density of 𝜃 is 𝑁(𝜇0 , 𝜎02 ). If 𝑥 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛1 ) is a random sample of
size 𝑛 from 𝑌, then the posterior distribution of 𝑌 is given by N(μp , σ2p ). Where:

𝜇𝑝 =

𝑛𝑥̅
𝜎2
𝑛
𝜎2

𝜇

+ 𝜎02

(36)

0

+

1
𝜎02

𝜎𝑝−2 = 𝑛𝜎 −2 + 𝜎0−2

(37)

Case 2: Known mean, unknown standard deviation.
Lindley (1976) postulated the following:
Let 𝑥 = (𝑥1 , 𝑥2 . . . , 𝑥𝑛 ) be a random sample of size 𝑛 from 𝑌~𝑁(𝜇, 𝜃), where 𝜇 is the known
mean. The prior density of 𝑣0 𝜎02 /𝜃 is 𝜒 2 - distributed with 𝑣0 degrees of freedom. The
posterior density of (𝑣0 𝜎02 + 𝑆 2 )/𝜃 is 𝜒 2 - distributed with 𝑣0 + 𝑛 = 𝑣1 degrees of freedom. In
this example, 𝑆 2 = ∑𝑛𝑖=1(𝑥𝑖 − 𝜇)2 /𝑛, and the density of the 𝜒 2 distribution is given by:
𝑌=

𝑋 𝑣/2−1 𝑒 −𝑋/2

(38)

v
2𝑣/2 Γ ( )
2

Where Γ is the gamma-function. This distribution has the following expected value and
variance:
𝐸(𝑌) = (𝑣0 𝜎02 + 𝑆 2 /(𝑣0 + 𝑛 − 2)

(39)

𝜎 2 (𝑌) = 2(𝑣0 𝜎02 + 𝑆 2 )2 /(𝑣0 + 𝑛 − 2)2 (𝑣0 + 𝑛 − 2)

(40)

It should be noted that a number of prior distributions may be used to derive the prior
mentioned (Lindley, 1976). It is noted that situations rarely occur in practice where the mean
is known while the standard deviation is unknown. Lindley (1976) noted that in the presence
of vague prior information, σ0 → ∞ and v0 may be taken equal to zero. In this case, the prior
distribution suggested has density proportional to 𝜃 −1 .
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Case 2: Unknown mean, unknown standard deviation.
The final example dealt with here considers the case where both the mean and standard
deviation of a normally distributed variable are unknown. Assuming that x = (x1 , x2 . . . , xn ) is
a random sample of size n from Y~N(θ1 , θ2 ), where θ1 and θ2 are the unknown mean and
variance. Then the posterior distribution of θ1 is such that 𝑛1/2 (θ1 − 𝑥̅ )/𝑠 has a t-distribution
with 𝑣 = 𝑛 − 1 degrees of freedom, where:
𝑛

𝑠 2 = ∑(𝑥𝑖 − 𝑥̅ )2 /𝑣

(41)

𝑖=1

In addition, the posterior distribution of 𝑣𝑠 2 /𝜃2 is 𝜒 2 - distributed with 𝑣 degrees of freedom.
Various literature sources specify solutions to the posterior and the predictive distributions
for probability distribution functions other than those dealt with here. These include Raiffa
and Schlaifer (1961), Aitchison and Dunsmore (1975) and JCSS (2001). For
cases/distributions not covered here, Appendix A of this deliverable gives a detailed example
of the use of Bayesian updating approach based on work by Leahy et al. (2013), which
considers the uncertainty in estimating the Posterior distribution.

7.3.2

Direct updating of the probability of failure

Bayesian statistics can also be used to directly update the reliability of a structure based on
a given event or considering a measured property. The event could be a test loading or the
observation of a crack in a structure or a geometrical measurement. The deflection of a
bridge at midspan, for example, can be determined with certain accuracy. The probability of
failure can then be directly updated taking the measurement or event into account:
𝑃𝑓 = 𝑃(𝐹|𝐼) =

𝑃(𝐹 ∩ 𝐼)
𝑃(𝐼)

(42)

Where:

F = local or global structural failure
I = information obtained from investigation or measurements
∩ = intersection of two events
| = conditional upon
This method can also be used to update reliability with indirect information, i.e. information
from similar structures. In such situations the updating must be carried out using correlations
between the stochastic variables, so that the uncertainties in the information are taken into
account (DRD, 2004). More information can be found in JCSS (2001) and in Madsen et al
(1986).
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8 Deterioration
8.1 Introduction
Deterioration significantly alters the long term performance of railway infrastructure. When
considering deterioration in an assessment, it should be remembered that the deterioration
rate not only depends on material compositions and construction processes, but also relies
on the on-going climatic environment during the service life. Climate change may alter this
environment. In addition to increasing rates of deterioration, climate change can impact
railway infrastructures through the impacts of extreme weather events and rising sea levels,
e.g. increased intensity of precipitation can have a significant effect on slope stability. In this
chapter, an overview will be given of the application of spatial variability to deterioration
analysis in reliability-based assessment. An overview of a number of important probabilistic
deterioration models will then be given for reinforced concrete, structural steel and slope
stability. The models given herein can be used where little or no information is available
about the condition of the infrastructure. However, it is recommended that a condition survey
of the infrastructure is carried out to allow consideration of localised deterioration, or testing
of corrosion rates on-site, where this has an impact on the capacity.

8.2 Spatial variability and spatial correlation
In a spatially variable analysis, the infrastructure object being modelled is discretised into a
number of segments and a random variable is used to represent the random field over each
segment. The segments may be represented by the elements of a Finite Element model.
There are numerous methods available for the discretisation of a random field. These may
be classified based on their approach as one of the following methods (Hajializadeh et al.
2016):
(i)
(ii)
(iii)

The midpoint method,
The spatial averaging method
The series expansion method

In the midpoint method, the value of the random field over a segment is represented by its
value at the centre (midpoint). It is a simple and robust approach to discretisation, for both
Gaussian and non-Gaussian random fields. The midpoint method will be described here due
to its popularity amongst researchers. The size of each segment has to be small enough to
ensure that random properties are constant within it. The size of the discretised segment is
usually defined based on practical and analytical considerations. The use of a fine mesh can
significantly increase the computational effort for little improvement in accuracy. Conversely,
if the segment size is too large, the correlation between segments becomes negligible.
The autocorrelation function 𝜌(𝜉) illustrated in equation 43 has been commonly adopted in
other fields of engineering to represent spatial variability of material properties and loads (Vu
and Stuart, 2005). It defines the correlation coefficient between two segments in a two
dimensional random field.
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|𝜉𝑥 |2

2

(43)

|𝜉𝑦 |
𝜌(𝜉) = 𝑒𝑥𝑝 [− ( 2 ) − ( 2 )]
𝑑𝑥
𝑑𝑦

Where 𝑑𝑥 and 𝑑𝑦 are the correlation lengths for a two dimensional random field in the 𝑥 and
𝑦 directions, respectively; and 𝜉𝑥 = 𝑥𝑖 − 𝑥𝑗 and 𝜉𝑦 = 𝑦𝑖 − 𝑦𝑗 are the distances between
centroids of element 𝑖 and element 𝑗 in the 𝑥 and 𝑦 directions, respectively. A correlation
matrix can then be formulated which specifies the relative correlation between each element
in a random field. Sampling can then be performed from a multivariate correlated probability
distribution in order to perform a reliability analysis.
Spatial variation and correlation in deterioration properties can be very useful in performing a
time-dependant reliability analysis (see Section 3.7) as it allows for consideration of separate
deterioration rates throughout the structure. However, the analysis described in this section
can also be considered for general material properties and considered in conjunction with
system analysis as discussed in Section 3.6.

8.3 Probabilistic modelling of reinforced concrete corrosion
Two mechanisms of concrete deterioration will be discussed herein; namely, carbonation
and chloride-induced corrosion. Concrete corrosion is characterised by three stages:
corrosion initiation, corrosion progress, and cracking and spalling Stewart et al. (2011).
8.3.1


Carbonation-induced corrosion
Time to Corrosion Initiation, 𝑇𝑖

Concrete quality, concrete cover, relative humidity, ambient carbon dioxide concentration
etc. all determine the time to corrosion initiation, Ti, from the perspective of carbonation
induced corrosion. The impact of carbonation has been studied by many researchers and
various mathematical models have been developed with the purpose of predicting
carbonation depths (e.g. Duracrete 1998, Stewart et al 2002). It is observed that corrosion
may occur when the distance between the carbonation front and the reinforcement bar
surface is less than 1-5 mm (e.g. Yoon et al 2007). However, probabilistic
analyses for assessing durability design specifications tend to ignore this effect (Duracrete
2000, fib 2006). Hence, the time to corrosion initiation (Ti) is taken as the time for the
carbonation front to equal the concrete cover depth (Stewart et al. 2011):
𝑛𝑚
2𝐷𝐶𝑂2 (𝑡)
𝑡0
√
(𝑡)
(𝑡
𝑥𝑐
=
𝑘𝑢𝑟𝑏𝑎𝑛 𝐶𝐶𝑂2 − 1999) (
)
𝑎
𝑡 − 1999

𝐷𝐶𝑂2 = 𝐷1 (𝑡 − 1999)−𝑛𝑑

𝑎𝑛𝑑

𝑎 = 0.75𝐶𝑒 𝐶𝑎 𝑂𝛼𝐻

(44)
𝑡 ≥ 2000
𝑀𝐶𝑂2
𝑀𝐶𝑎𝑂

(45)

Where 𝐶𝐶𝑂2 is the time-dependent mass concentration of ambient 𝐶𝑂2 (10-3 kg/m3) with mean
equal to 𝜇𝐶𝑂2 (𝑡) and standard deviation equal to 𝜎𝐶𝑂2 (𝑡) obtained from projection of 𝐶𝑂2
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concentrations from 1990 based on the Model for Assessment of Greenhouse-gas Induced
Climate Change, known as MAGICC (Wigley et al. 1996) (using the conversion factor 1 ppm
= 0.0019×10-3 kg/m3). Values of 𝜇𝐶𝑂2 (𝑡) and 𝜎𝐶𝑂2 (𝑡) may be estimated from Figure 7
(Stewart et. al, 2011). 𝑘𝑢𝑟𝑏𝑎𝑛 is a factor which may generally be taken as 1.0, but should be
set equal to 1.15 in urban environments to account for increased 𝐶𝑂2 levels; 𝐷𝐶𝑂2 is the 𝐶𝑂2
diffusion coefficient in concrete; 𝐷1 is the 𝐶𝑂2 diffusion coefficient after one year; 𝑛𝑑 is the
age factor for the 𝐶𝑂2 diffusion coefficient; 𝑡0 is one year; 𝐶𝑒 is cement content (kg/m3); 𝐶𝑎 𝑂
is the 𝐶𝑎 𝑂 content in cement (0.65); 𝛼𝐻 is the degree of hydration; 𝑀𝐶𝑎𝑂 is molar mass of
𝐶𝑎 𝑂 equal to 56 g/mol and 𝑀𝐶𝑂2 is molar mass of 𝐶𝑂2 equal to 44 g/mol. The age factor for
microclimatic conditions (𝑛𝑚 ) associated with the frequency of wetting and drying cycles is
𝑛𝑚 = 0 for sheltered outdoor and 𝑛𝑚 = 0.12 for unsheltered outdoor.

Figure 7. Predicted estimates of CO2 concentrations (Stewart et. al, 2011)
The mean values for 𝐷1 and 𝑛𝑑 obtained by Stewart et. al (2011) are presented in Table 22.
According to Stewart et. al (2011), the standard deviation for 𝐷1 is approximately 0.15 x 10-4
cm2s-1, and the CoV for 𝑛𝑑 is approximately 0.12 for all w/c ratios. These statistics represent
model error. The diffusion coefficient 𝐷1 is less than 5×10-4 cm2s-1 which is appropriate for
good quality concrete (Sanjuan & del Olmo, 2001). These parameters are based on T=20oC
and relative humidity, RH = 65%. The degree of hydration after more than 400 days is
estimated by de Larrard (1999) as:
𝛼ℎ ≈ 1 − exp(−3.38 𝑤/𝑐)

(46)

Table 22. Mean Parameter Values (Stewart et al, 2011)
w/c

𝑫𝟏 × 𝟏𝟎−𝟒 𝒄𝒎𝟐 𝒔−𝟏

𝒏𝒅

0.45

0.65

0.218

0.50

1.24

0.235

0.55

2.22

0.240
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A higher temperature will cause an increase in diffusion coefficient leading to increased
carbonation depths (e.g. Baccay et al., 2006). The effect of temperature on diffusion
coefficient is modelled using the Arrhenius Law (e.g. Yoon et al 2007), where the timedependent change in diffusion coefficient when compared to a temperature of 20 oC is:
𝐸 1
1
𝑓𝑇 (𝑡) ≈ 𝑒𝑥𝑝 ( (
−
))
𝑅 293 273 + 𝑇𝑎𝑣 (𝑡)

𝑇𝑎𝑣 =

∑𝑡𝑖=2000 𝑇(𝑡)
𝑡 − 1999

(47)

where 𝑇(𝑡) is the temperature (oC) at time t, E is the activation energy of the diffusion
process (40 kJ/mol (Kada-Benameur et al. 2000)) and R is the gas constant (8.314x10-3
kJ/mol∙K). As temperature increases over time then 𝐷𝐶𝑂2 (𝑡) is averaged over time and so
𝑇(𝑡) is also averaged over time. A 2oC temperature increase will therefore increase the
diffusion coefficient by 12% (Stewart et al., 2011).
Equation 44 was used by Yoon et al (2007) to predict carbonation depths for increases in
𝐶𝑂2 concentrations. However, as this assumes that 𝐶𝑂2 (𝑡) is constant for all times up to time
t, it could lead to an overestimation of the carbonation depth as 𝐶𝑂2 concentration will be
gradually increasing with time up to the peak value 𝐶𝑂2 (𝑡). Stewart et al (2002) considered
this phenomenon and calculated carbonation depths due to enhanced greenhouse 𝐶𝑂2
conditions using the average 𝐶𝑂2 concentration over the time period, and not the peak value
at time t. As such, Equation 44 can be rewritten as (Stewart et al., 2011):
(48)

𝑡

𝑛𝑚
2𝑓𝑇 𝐷𝐶𝑂2 (𝑡)
1
𝑥𝑐 (𝑡) = √
𝑘𝑢𝑟𝑏𝑎𝑛 ∫ 𝐶𝐶𝑂2 (𝑡)𝑑𝑡 (
)
𝑎
𝑡 − 1999

𝑡 ≥ 2000

2000

Stewart et al. (2011) stress that equation 48 is an approximation and there is a need for an
improved carbonation model that considers the time-dependent effect of 𝐶𝑂2 concentration
and other parameters such as temperature or humidity.
As mentioned, the parameters given above assume temperature, T, is 20oC and relative
humidity, 𝑅𝐻(𝑡), is 65%. It is recognised that carbonation tends to be highest at a relative
humidity, 𝑅𝐻(𝑡), of 50% to 70% (Russell et al., 2001). Additionally, Al-Khaiat and Fattuhi
(2002) report that little or no carbonation occurs below a relative humidity of 30%, whereas
Russell et al. (2001) state that below 50% relative humidity there is insufficient moisture for
carbonation reactions to take place. Most carbonation models assume relative humidity of
greater than 50%. To be conservative, analyses can assume that if 𝑅𝐻(𝑡) is less than 40%
then the carbonation front ceases to advance (i.e. carbonation depth does not increase with
time) (Stewart et al., 2011). The time-dependant limit state function for carbonation initiation
is given by:
𝑔(𝑥) = 𝑃[𝐶 − 𝑥𝑐 (𝑡) < 1 ]

(49)

where 𝐶 is the clear concrete cover (mm). Kenshel and O’Connor (2009) recommend that
concrete cover may be represented by a normally distributed variable with CoV equal to 0.18
and mean equal to the nominal value.
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Corrosion Propagation

It should be noted that the carbonation-induced corrosion rate is variable and highly
dependent on exposure conditions and atmospheric situations. The corrosion rate for
carbonation or chlorides becomes negligible when relative humidity 𝑅𝐻(𝑡) is less than 50%
(e.g. Enevoldsen et al 1994, Neville 1995), and in the probabilistic approach developed by
Stewart et al (2011) a negligible corrosion rate is defined as a corrosion current density
(𝑖𝑐𝑜𝑟𝑟 ) of 0.1 μA/cm2 where a corrosion rate (𝑖𝑐𝑜𝑟𝑟 ) of 1 μA/cm2 = 0.0116 mm/year. Stewart et
al (2011) suggest the corrosion rate can be assumed to be lognormally distributed with
statistical parameters for a temperature of 20oC given by Duracrete (1998). These values
take into account the concrete grades suggested for the corresponding exposure classes.
An increase in temperature will increase corrosion rate, and the model described by
Duracrete (2000) is used:
𝑖𝑐𝑜𝑟𝑟 = 𝑖𝑐𝑜𝑟𝑟−20 [1 + 𝐾(𝑇(𝑡) − 20)]

(50)

where icorr−20 is the corrosion rate at 20oC as given in Duracrete (1998) and Table 23, and
𝐾=0.025 if 𝑇(𝑡) < 20oC and 𝐾=0.073 if 𝑇(𝑡) > 20oC. Duracrete (2000) notes that equation 50
is a close correlation to the Arrhenius equation, at least for temperature below 20oC, but may
be conservative for T(t) > 20oC. A 2oC temperature increase will increase the corrosion rate
by 15%. Kenshel and O’Connor (2009), recommend consideration of model error in 𝑖𝑐𝑜𝑟𝑟 by
multiplication of a normally distributed variable a mean of 1.0 and CoV of 0.2.

Table 23. Carbonation Corrosion Rates (𝒊𝒄𝒐𝒓𝒓−𝟐𝟎 ) for Various Exposures (Duracrete
1998)
Mean
Exposure Class

Standard Deviation
2

2

Distribution

(μA/cm )

(μA/cm )

C1 - Dry

0.0a

0.0

Lognormal

C2 – Wet, rarely dry (unsheltered)

0.345

0.259

Lognormal

C3 – Moderate humidity (sheltered)

0.172

0.086

Lognormal

C4 – Cyclic wet-dry (unsheltered)

0.431

0.259

Lognormal

a

assume negligible = 0.1μA/cm

2

As there is little data on time-dependent effects on corrosion rate for carbonated RC
structures a time-invariant corrosion rate for carbonation can be assumed. This is likely to be
a conservative assumption as corrosion rate will generally decrease with time due to the
build-up of rust products thus impeding the corrosion process (see for example Vu and
Stewart, 2000).
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8.3.2

Chloride-Induced Corrosion



Time to Corrosion Initiation, Ti

The penetration of chlorides is given empirically by Fick's second law of diffusion. However,
chloride penetration processes and field conditions differ from that assumed with Fick’s law
(Val and Stewart, 2009). Fick’s law is nonetheless often used to describe chloride
penetration into concrete due to its computational convenience; namely, surface chloride
concentration (𝐶0 ) and diffusion coefficients (𝐷𝑐 ) are easily calculated by fitting Fick’s law to
measured chloride profiles. An improved model utilising a time-dependent chloride diffusion
coefficient proposed by Duracrete (2000b) is used to calculate chloride concentration. The
time to corrosion initiation (𝑇𝑖 ) is assumed to occur when chloride concentration at the level
of reinforcement exceeds the critical chloride concentration (𝐶𝑐𝑟 ). Val and Stewart (2003)
suggest that the critical chloride concentration is normally distributed mean and COV equal
to 3.35 kg/m3 and 0.375, respectively, truncated at 0.35 kg/m3. The chloride concentration at
depth 𝑥 (mm) at time 𝑡 is:

𝐶(𝑥, 𝑡) = 𝐶0 1 − 𝑒𝑟𝑓
[

(51)

𝑥
𝑡

𝑛

√
(𝑡)𝐷𝑐 ( 0 ) (𝑡)
(2 𝑘𝑒 𝑘𝑡 𝑘𝑐 𝑓𝑇
)]
𝑡

where 𝐷𝑐 is the chloride diffusion coefficient, 𝑛 is the ageing factor, 𝑘𝑒 is the environment
factor, 𝑘𝑡 is the test method factor (1.0), 𝑘𝑐 is the curing factor (1.0), 𝑡0 is the reference time
in years (28 days or 0.0767 years), and 𝑓𝑇 (𝑡) is the temperature effect on diffusion
coefficient given by equation 47. Stewart et. al (2011) suggested coefficients of variation for
𝐷𝑐 , 𝑛 and 𝑘𝑒 of 0.285, 0.07 and 0.17, respectively and mean values as per Table 24
Table 24. Mean Values of chloride-induced corrosion parameters (Stewart et al, 2011) Normal Distribution
𝑫𝒄
Environment
(x 10 -12)

𝒏

𝒌𝒆

1 - 50km from coast

15

0.65

0.676

over 1km from coast

10

0.65

0.676

Members in water: Splash and tidal zone

7

0.37

0.924

1m or more above wave-crest level:
Splash and tidal zone

7

0.37

0.265

The surface chloride concentration (𝐶0 ) is generally assumed as a time-invariant variable as
exposure to chlorides for a specific member would not change from year to year. However,
climate change may cause changes in wetting/drying cycles, rainfall and wind patterns could
vary, etc.. Val and Stewart (2003) suggested the distribution parameters listed in Table 25
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Table 25. Distribution Parameters for 𝑪𝟎 (Val and Stewart, 2003)
Mean
Environment

(kg/m3)

CoV

Distribution

Splash / Tidal zone

7.35

0.7

Lognormal

Atmospheric zone on coast

2.95

0.7

Lognormal

Atmospheric zone > 1km from coast

1.15

0.5

Lognormal

The time-dependant limit state function for chloride-induced corrosion is given by:
𝑔(𝑥) = 𝑃[𝐶𝑐𝑟 − 𝐶(𝑥, 𝑡) < 1 ]


(52)

Corrosion Propagation

Corrosion rates are highly variable and dependent on concrete grade, cover and
environment. For example, the British Standard BS 6349-1 (2000) suggests that mean
corrosion rate for the atmospheric zone is 0.04 mm/yr (3.45 μA/cm2), 0.08 mm/yr (6.9
μA/cm2) for the splash zone, and 0.04 mm/yr (3.45 μA/cm2) for the tidal zone. The corrosion
rates recommended by Duracrete (1998) shown are not dissimilar from those reported in BS
6349-1 (2000). These values take into account the concrete grades suggested for the
corresponding exposure classes. Since corrosion rate data assumes time-invariant corrosion
rate so this guideline will also assume a time-invariant corrosion rate. This is a conservative
assumption. Duracrete (1998) provided distribution parameters for the corrosion rate density
for chloride ingress at 20oC. These are referenced in Table 26. The effect of temperature on
corrosion rate density can then be modelled with equation 50. Kenshel and O’Connor
(2009), recommend consideration of model error in 𝑖𝑐𝑜𝑟𝑟 by multiplication of a normally
distributed variable a mean of 1.0 and CoV of 0.2.
Table 26. Chloride-Induced Corrosion Rates (𝒊𝒄𝒐𝒓𝒓−𝟐𝟎 ) for Various Exposures
(Duracrete 1998)
Mean

Standard Deviation

(μA/cm2)

(μA/cm2)

Cl1 – Wet-rarely dry

0.345

0.259

Lognormal

Cl2 – Cyclic wet-dry

2.586

1.724

Lognormal

Cl3 – Airborne sea water

2.586

1.724

Lognormal

Cl4 – Submerged

-a

-

Lognormal

Cl5 – Tidal zone

6.035

3.448

Lognormal

Exposure Class

a

Distribution

Corrosion not expected except with bad concrete or low cover
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8.3.3

Time from corrosion initiation to corrosion cracking, 𝑻𝟏𝒔𝒕

The time to first cracking, termed 𝑇1𝑠𝑡 , refers to the period of time it takes from corrosion
initiation to the stage where the corrosion products build-up starts to cause hair-size cracking
at the concrete surface. The model given in equation 53 was proposed by El Maaddawy and
Soudki (2005) and gives the time to corrosion cracking, 𝑇1𝑠𝑡 , in days:
𝑇1𝑠𝑡 = [

2𝛿0 𝐸𝑒𝑓
7117.5(𝐷 + 2𝛿0 )(1 + 𝑣 + 𝜓) 2𝐶𝑓𝑡
][
+
]
(1 + 𝑣 + 𝜓)(𝐷 + 2𝛿0 )
𝑖𝑐𝑜𝑟𝑟 𝐸𝑒𝑓𝑓
𝐷
𝜓=

(𝐷 + 2𝛿0 )2
2𝐶[𝐶 + (𝐷 + 2𝛿0 )]

(53)

(54)

In equation 53, 𝐷 is the diameter of the steel reinforcing bar (mm), C is the clear concrete
cover (mm) and 𝛿0 is the thickness of the porous zone around the steel bar which will have
to be filled first before stresses between the steel bar and concrete interface due to rust
expansion can be generated. Stewart et al. (2011) recommend that 𝛿0 can be described
using a normal distribution with mean equal to 15μm and COV of 0.1. 𝐸𝑒𝑓𝑓 is the effective
elastic modulus of the concrete which is equal to [𝐸𝐶 /(1 + 𝜑𝑐𝑟 )], where 𝐸𝐶 is the elastic
modulus of the concrete (N/mm2), and 𝜑𝑐𝑟 (=2.0) is the creep coefficient. 𝑣 (=0.18) is the
Poisson’s ratio for the concrete and 𝑓𝑡 is the tensile strength of the concrete (N/mm2). 𝑖𝑐𝑜𝑟𝑟 is
the corrosion rate density (μA/cm2).
8.3.4

Crack propagation, 𝑻𝒄𝒑

In order to model 𝑇𝑐𝑝 , The time taken (years) for a crack to propagate from a hair size
(typically assumed of the order of 0.05mm) to a maximum size of 𝑤𝑙𝑖𝑚 , Vu and Stewart
(2005) proposed the following formula as a function of the corrosion rate density 𝑖𝑐𝑜𝑟𝑟 ,
water/cement ratio (𝑤𝑐) and reinforcement cover (𝐶) in mm:
𝑤𝑙𝑖𝑚 − 0.3 1.5
−1.1
𝑇𝑐𝑝 = 0.0167𝑖𝑐𝑜𝑟𝑟
[42.9(𝑤𝑐/𝐶)−0.54 + (
) ]
0.0062

(55)

This model was validated for 𝑤𝑙𝑖𝑚 ranging from 0.3mm to 1.0mm. Mullard and Stewart
(2011) developed another model based on new available test data and predictive methods:
𝑇𝑐𝑝 = 𝑘𝑅

𝑤𝑙𝑖𝑚 − 0.05
0.0114
(
)
𝑘𝑐 𝑀𝐸𝑟𝑐𝑟𝑎𝑐𝑘 𝑟𝑐𝑟𝑎𝑐𝑘 𝑖𝑐𝑜𝑟𝑟−20

0.25 ≤ 𝑘𝑅 ≤ 1,

𝑘𝑐 ≥ 1,

𝑤 ≤ 1.0𝑚𝑚

(56)

where
𝑟𝑐𝑟𝑎𝑐𝑘 = 0.0008 exp(−1.7Ψcp )
Ψcp =

𝐶
𝐷𝑓𝑡

(57)
(58)
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𝑘𝑅 ≈ 0.95 [𝑒𝑥𝑝 (−

0.3𝑖𝑐𝑜𝑟𝑟(exp)
𝑖𝑐𝑜𝑟𝑟(exp)
+ 0.3]
)−
𝑖𝑐𝑜𝑟𝑟−20
2500𝑖𝑐𝑜𝑟𝑟−20

(59)

Ψcp is the cover cracking parameter, 𝑟𝑐𝑟𝑎𝑐𝑘 is the rate of crack propagation in mm/hr,
𝑀𝐸𝑟𝑐𝑟𝑎𝑐𝑘 is crack propagation model error. Stewart et al. (2011) recommend a mean and
CoV in 𝑀𝐸𝑟𝑐𝑟𝑎𝑐𝑘 of 1.04 and 0.09, respectively. 𝑘𝑅 is a rate of loading correction factor
where 𝑖𝑐𝑜𝑟𝑟(exp) =100μA/cm2 is the accelerated corrosion rate used to derive 𝑟𝑐𝑟𝑎𝑐𝑘 , and 𝑘𝑐 is
the confinement factor that represents an increase in crack propagation due to the lack of
concrete confinement around external reinforcing bars. If the reinforcing bar is at an internal
location then 𝑘𝑐 =1.0. For reinforcement at the edges and corners of RC structures, 𝑘𝑐 is in
the range of 1.2 to 1.4. The model developed by Mullard and Stewart (2011) was based on
Chloride-induced corrosion.
The models discussed for carbonation and chloride-induced corrosion can be effectively
considered in the context of SLS reliability analysis for a specified maximum crack width. In
this case the performance function may be given by the time to corrosion cracking (𝑇𝑠𝑝 =
𝑇𝑖 + 𝑇1𝑠𝑡 + 𝑇𝑐𝑝 ):
𝑔(𝑥) = 𝑃[𝑡 − 𝑇𝑠𝑝 < 1 ]

(60)

Stewart et al. (2011) used a limiting crack of 1mm.
8.3.5

Reinforcement deterioration

The cross-sectional area of the reinforcement in an RC member is reduced as corrosion
progresses, which leads to a reduction in the load-carrying capacity of individual segments.
Faraday’s Law gives the loss of reinforcement under uniform corrosion. The law indicates
that the remaining cross-sectional area of corroding reinforcement after 𝑡-years, 𝐴𝑠 (𝑡), can
be estimated as:
𝑛𝑏

𝜋[𝐷0 − ∆𝐷(𝑡)]2
𝐴𝑠 (𝑡) = ∑
≥ 1.0
4

(61)

1

where 𝑛𝑏 is the number of reinforcing bars, 𝐷0 is the original bar diameter and ∆𝐷(𝑡) is the
reduction in bar diameter given by:
∆𝐷(𝑡) = 0.0232𝑖𝑐𝑜𝑟𝑟 (𝑡 − 𝑇𝑖 )

(62)

The models discussed in sections 8.3.1 and 8.3.2 above for both 𝑖𝑐𝑜𝑟𝑟 and 𝑇𝑖 can be used for
probabilistic consideration of reinforcement deterioration in a time-dependant analysis.
The probabilistic assessment of pitting corrosion was considered by Stewart (2004) and
extended by Stewart and Al-Harthy (2008). The extent of pitting corrosion is defined by the
pitting factor, 𝑅, which is given as:
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𝑅 = 𝑝(𝑡)/𝑝𝑎𝑣 (𝑡)

(63)

where 𝑝(𝑡) is the maximum pit depth and 𝑝𝑎𝑣 (𝑡) is the penetration due general corrosion,
which is time-dependent and can be written as:
𝑝𝑎𝑣 (𝑡) = ∆𝐷(𝑡)/2 = 0.0116𝑖𝑐𝑜𝑟𝑟 (𝑡 − 𝑇𝑖 )

(64)

Stewart (2004) applied extreme value theory to predict maximum pit depth as a function of
reinforcement bar and length. A Gumbel distribution can be used to model to the 𝑅 values
extracted from the measurements (Stewart & Al-Harthy, 2008). The Gumbel parameters are
modified as shown to predict the distribution for any length of reinforcement bar, 𝐿𝑢 :
𝜇𝑅 = 𝜇𝑅0 +

1
𝐿𝑢
× 𝑙𝑜𝑔 ( )
𝜎𝑅0
𝐿0

(65)

𝜎𝑅0 = 𝜎𝑅

(66)

where 𝜇𝑅0 and 𝜎𝑅0 are Gumbel parameters obtained from corrosion tests performed by
Stewart & Al-Harthy (2008), referenced in Table 27 for reinforcing bars of length 𝐿0 =100mm.
Table 27. Gumbel Distribution Parameters
Bar Diameter

Gumbel Parameters

(mm)

𝝁𝑹𝟎

𝝈𝑹 𝟎

16.0

5.56

1.16

27.0

6.55

1.07

In order to take account of the loss of cross-sectional area for the reinforcing bar due to
pitting corrosion, an assumption regarding the pit shape has to be employed. The pit shape
shown in Figure 8 (Val & Melchers, 1997) is applied in the current work.

Figure 8. Pitting corrosion model (Val and Melchers, 1997)
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The reduced cross-sectional area of a single corroding bar at any time t, under pitting
corrosion (Figure 8), can be calculated as follows (Val & Melchers, 1997):
𝐴1 + 𝐴2
𝐴𝑝𝑖𝑡 (𝑡) = { 𝜋𝐷02 /4 − 𝐴1 + 𝐴2
𝜋𝐷02 /4

𝑝(𝑡) ≤ 𝐷0 /√2
𝐷0 /√2 < 𝑝(𝑡) ≤ 𝐷0
𝑝(𝑡) > 𝐷0

(67)

where:
1
𝐷0 2
𝐷0 𝑝(𝑡)2
𝐴1 = [𝜃1 ( ) − 𝑎 | −
|]
2
2
2
𝐷0

(68)

1
𝑝(𝑡)2
𝐴2 = [𝜃2 𝑝(𝑡)2 − 𝑎
]
2
𝐷0

(69)

𝑎 = 2𝑝(𝑡)√1 − (𝑝(𝑡)/𝐷0 )2

(70)

𝜃1 = 2 sin−1 (𝑎/𝐷0 )

(71)

𝜃2 = 2 sin−1[𝑎/(2𝑝(𝑡))]

(72)

The remaining cross-sectional area of corroding reinforcement after 𝑡-years, 𝐴𝑠 (𝑡), can be
estimated as:
𝑛𝑏

𝐴𝑠 (𝑡) = ∑ (
𝑖=1

𝜋𝐷02
− 𝐴𝑝𝑖𝑡 (𝑡))
4

(73)

Stewart & Al-Harthy (2008) suggested that the yield strength of steel reinforcement reduces
as corrosion increases according to equation 74.
𝑓𝑦 (𝑡) = (1 − 𝛼𝑦

𝐴𝑝𝑖𝑡 (𝑡)
) 𝑓𝑦0
𝐴0

(74)

Where 𝐴0 is the original cross sectional area, 𝑓𝑦0 is the original yield stress and 𝛼𝑦 is an
empirical coefficient which can be taken equal to 0.005.

8.4 Probabilistic modelling of structural steel deterioration
8.4.1

Section loss due to corrosion

Corrosion of structural steel may be characterised by general corrosion, pitting, crevice
corrosion, galvanic corrosion and stress corrosion (Kayser, 1988). The most common type of
corrosion is that of general corrosion which accumulates uniformly around the surface of
steel elements (Sharifi and Paik, 2011). Studies have shown that corrosion propagation can
be modelled with a good approximation by the following exponential function from Komp,
1987):

80

D2.1 Guideline for Probability Based Multi Criteria Performance Optimisation of
Railway Infrastructure
DESTination RAIL – Decision Support Tool for Rail Infrastructure Managers

𝐶(𝑡) = 𝐴𝑡 𝐵

(75)

Where 𝐶(𝑡) is the average corrosion penetration in micrometers (10-3 mm); 𝑡 is the time in
years, and 𝐴 and 𝐵 are parameters to be determined from regression analysis of the
experimental data. 𝐴 and 𝐵 are typically modelled with a lognormal distribution and are
found to be correlated variables (Sharifi and Paik, 2011 / Sommer et al., 1993). The mean
and Coefficient of Variation of the parameters 𝐴 and 𝐵 have been determined on the basis of
field tests carried by Albrecht and Naeemi (1984). These are given in Table 28 along with
the correlation coefficient between the parameters which can be used to sample from a
multivariate lognormal probability distribution.
The model described herein can be used to calculate section loss on exposed surfaces of
steel elements. This allows probabilistic consideration of the deterioration (and associated
reduction in capacity) over time, resulting in a reduction in reliability. It should be noted that
the model described was based on deterioration of steel elements without corrosion
protection. Due to the various different manufacturers and types of protection available, it is
not feasible to develop a general model for breakdown of corrosion protection. Therefore,
the section loss due to corrosion may generally be considered to be zero up to the point of
breakdown of the protective layer (Soares and Garbatov, 1999). Information on the life of the
protective layer should come from manufacturers guidelines.
It should be noted that Albrecht and Naeemi (1984), specify truncation limits on the
parameters 𝐴 and 𝐵 for the various environments tested.
Table 28. Lognormal distribution parameters for A and B (Albrecht and Naeemi, 1984)
Carbon Steel

Weathering Steel

Parameters
A (10-3 mm)

B

A (10-3 mm)

B

Mean
Coefficient of Variation
Coefficient of Correlation
Urban Environment

34.0
0.09
Not available

0.65
0.10
-

33.3
0.34
-0.05

0.498
0.09
-

Mean
Coefficient of Variation
Coefficient of Correlation
Marine Environment

80.2
0.42
0.68

0.593
0.40
-

50.7
0.30
0.19

0.567
0.37
-

Mean
Coefficient of Variation
Coefficient of Correlation

70.6
0.66
-0.31

0.789
0.49
-

40.2
0.22
-0.45

0.557
0.10
-

Rural Environment
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Sharifi (2011) indicated that the models listed in Table 28 can also be used to model the
depth of pit corrosion. Paik et al. (2003), developed the formulation of equation 76 to model
the decrease in the strength of a steel plate (or plated element) due to pitting corrosion:
𝑅𝑟 =

𝜎𝑢
𝐴0 − 𝐴𝑟 0.73
=(
)
𝜎𝑢0
𝐴0

(76)

Where R r is the factor of ultimate strength reduction due to pit corrosion, σu is the ultimate
compressive strength for a member with pit corrosion, σu0 is the ultimate compressive
strength for an intact (uncorroded) member, A0 is the original cross-sectional area of an
intact member and Ar is the cross-sectional area involved in pit corrosion at the smallest
cross-section (see Figure 9). It is clear that the area of the smallest cross section will be
extremely difficult to calculate. To assess the scale of breakdown due to pit corrosion, a
parameter denoted 𝐷𝑂𝑃 (degree of pit corrosion intensity) was used by Sharifi (2011), who
performed a probabilistic assessment of steel box-girder elements by assuming varying
levels of 𝐷𝑂𝑃. 𝐷𝑂𝑃 is defined as the ratio percentage of the corroded surface area to the
original plate surface area, namely:
𝑛

1
𝐷𝑂𝑃 =
∑ 𝐴𝑝𝑖 × 100%
𝑎𝑏

(77)

𝑖=1

Where 𝑎 and 𝑏 are the side dimensions of the plate and 𝑛 is the number of pits. 𝐴𝑝𝑖 is the
area of pit 𝑖. Sharifi (2011) indicated that pit diameters (in plan) are typically in the range of
10-80mm. By assuming a consistent pit distribution, various 𝐷𝑂𝑃 values can be calculated.
Using the probabilistic corrosion depth models listed in Table 28, a reduction in plate
strength can be calculated due to pitting corrosion.

Figure 9. Schematic of pitting corrosion and definition of the smallest cross-sectional
area (Sharifi, 2011)
As mentioned at the start of this chapter, it is recommended that a condition survey of the
infrastructure be carried out to allow consideration of localised deterioration, where this has
an impact on the capacity. In addition, the models discussed for deterioration of structural
steel should be validated, where possible, based on condition surveys.
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8.4.2

Effect of climate change

The effect of climate change on structural steel deterioration was modelled by Minh N.
Nguyena et. al (2013). The calculation was done for the two Australian cities of Melbourne
and Brisbane. The effects of pollution and changing 𝐶𝑂2 concentration on deterioration were
stated to be secondary and thus, were excluded from the analysis. The projected relative
corrosion rate of steel due to temperature change (𝐶𝑡𝑒𝑚𝑝 ) was calculated as:
𝐶𝑡𝑒𝑚𝑝 =

𝐶0,𝑇𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑒𝑑
𝐶0,𝑇𝑟𝑒𝑓

= 𝑒𝑥𝑝 [260 × (

1
𝑇𝑟𝑒𝑓

−

1
𝑇𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑒𝑑

)]

(78)

Where 𝑇𝑟𝑒𝑓 is the absolute yearly average temperature at a reference year, 𝑇𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑒𝑑 is the
projected absolute yearly average temperature due to climate change in the future;
𝐶0,𝑇projected and 𝐶0,𝑇𝑟𝑒𝑓 are corrosion rate parameters at 𝑇𝑟𝑒𝑓 and 𝑇𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑒𝑑 , respectively.
A steel corrosion model, such as the model used by Komp (1987) can then be modified by
the projected relative corrosion rates of steel (𝐶𝑡𝑒𝑚𝑝 ) due to temperature change. It should
be noted that the model calibrated by Nguyena et al. (2013) also considered the effect of
airborne salinity and time of surface wetness on steel corrosion. However, the models used
were calibrated for only two areas in Melbourne and Brisbane. Therefore, they may not be
applicable for modelling the increase in corrosion in any environment.
Klinesmith et al. (2007) calibrated and validated a model to calculate the effects
environmental parameters on steel corrosion rates. The model was based on experimental
corrosion test data from 51 sites in 13 countries having environments classified as rural,
urban, industrial and/or marine. The model considered the effects of time of surface wetness
(𝑇𝑂𝑊) in h/year, sulfur dioxide concentration (𝑆𝑂2 ) in g/m3, chloride deposition rate (𝐶𝑙) in
mg/m2/day and air temperature (𝑇) in oC. Based on the independent validation of the model,
Klinesmith et al. (2007) stated that the model could be applied to a time corrosion model,
such as that described above, as follows:
𝑇𝑂𝑊 0.46
𝑆𝑂2 0.62
𝐶𝑙 0.34 0.016(𝑇+20)
𝐶(𝑡) = 𝐴𝑡 (
)
(1 +
)
(1 + )
𝑒
3800
25
50
𝐵

(79)

It should be noted that the model was calibrated for various materials and for both helical
and flat elements. The values listed in equation 79 are for flat carbon steel elements. TOW
can The TOW was estimated as the number of hours per year in which the relative humidity
was greater than 80% and the temperature was greater than 0°C.
The effect of climate change on structural steel corrosion can therefore be modelled by
considering the model of equation 79 with the time-dependant probabilistic models of climate
change defined by the many emission scenarios and general circulation models of the
Intergovernmental Panel on Climate Change.
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8.5 Probabilistic modelling of embankment stability considering climate
change
8.5.1

Introduction

Over recent years many regions worldwide have been subjected to rainfall of increased
intensity and duration. Unfortunately, these events can lead to shallow translational
landslides, which although often small in volume can have devastating effects on
infrastructure and rolling stock. The effect of climate change is particularly severe on railway
embankments, many of which were built in the mid 1800's. On the 12th of April 2010 a
landslide initiated by heavy rainfall, caused the derailment of a train at Merano, Italy in which
9 people died and 28 were injured. Similar recent incidents occurred in Guilin, China, on the
23rd of May 2010 where a landslide on the track caused a crash which resulted in 19
fatalities and near Wellington, New Zealand, on 30th September 2010, a landslide caused a
passenger train to derail and hit an oncoming service.
8.5.2

Stability analysis of unsaturated soil slopes

In embankments the water table is usually at some depth. As a result, the soil between
ground level and the water table exists in a state of partial saturation, with the voids being
filled by air and water. The presence of both air and water allows negative pore pressures
(soil suction) to develop within the soil, which increase the shear strength of the soil,
providing additional stability. This allows slopes to stand at angles greater than their natural
friction angle. When rainfall occurs, infiltrating water fills empty pore space, thus reducing
soil suction. If this advancing wetted zone known as a wetting front progresses to some
critical depth, failure will occur.
Unsaturated soil must be described as a three phase material to account for the effects of
soil suction. Fredlund et al. (1978) expanded the Mohr-Coulomb soil model to allow for this:
𝜏 = 𝑐 ′ + (𝜎𝑛 − 𝑢𝑎 )𝑡𝑎𝑛𝜙 ′ + (𝑢𝑎 − 𝑢𝑤 )𝑡𝑎𝑛𝜙 𝑏

(80)

where τ is the shear strength of unsaturated soils, c′ is the effective cohesion, σn is the total
normal strength on the failure plane, ua is the pore-air pressure on the failure plane, ϕ′ is the
angle of internal friction associated with the net normal stress state variable (σn − ua ), uw is
the pore-water pressure on the failure plane, (ua − uw ) is the matric suction on the failure
plane, and ϕb is the angle indicating the rate of increase in shear strength relative to the
matric suction. Fourie et al. (1999) and Cho and Lee (2002) note that in most slope failures
caused by infiltration, the failure occurs parallel to the slope surface (see Figure 10). The
authors suggest using an infinite slope model in which the soil strength is described by an
expression of the form given in equation 80. The Factor of Safety (𝐹) is given in equation 81.
𝑐 ′ + (𝑢𝑎 − 𝑢𝑤 )𝑡𝑎𝑛𝜙 𝑏 + 𝛾ℎ ∙ cos2 𝛼 ∙ 𝑡𝑎𝑛𝜙′ 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦
𝐹=
=
𝛾ℎ ∙ 𝑐𝑜𝑠𝛼 ∙ 𝑠𝑖𝑛𝛼
𝐷𝑒𝑚𝑎𝑛𝑑

(81)

Where 𝛼 is the slope angle, 𝛾 is the unit weight of soil and ℎ is the wetting front depth.
(Springman et al., 2003). At the point of failure, 𝐹 = 1.0, and therefore the critical wetting
front depth (ℎ𝑐 ) is the wetting front depth at which this occurs. Understanding the critical
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wetting front depth is crucial in determining whether a particular rainfall event provides
sufficient rainfall to initiate failure and is therefore fundamental in determining the safety of a
slope.

Figure 10. Infinite slip surface model
8.5.3

Reliability Model for Unsaturated Soil Slopes

At the limit state (𝐹𝑂𝑆=1), the limit state function of equation 81 can be written as:
𝑔(𝑥) = 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 − 𝐷𝑒𝑚𝑎𝑛𝑑

(82)

and the probability of failure (Pf) is given as:
𝑃𝑓 = 𝑃(𝑔(𝑥) ≤ 0)

(83)

Hassan and Wolff (1999) noted that the internal angle of friction and cohesion parameters
are most likely log normally distributed, Whitman (1984) notes that the reliability index is not
very sensitive to the distribution of the parameters provided that β<2.5 and the standard
deviation of the parameters is not very large.
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9 Summary and Conclusions
This document provides a Guideline for Probability Based Multi Criteria Performance
Optimisation of Railway Infrastructure. The safety and serviceability of railway infrastructure
may need to be evaluated for a variety of reasons, which may include:






changes of use or increase of loads;
effects of deterioration (e.g. corrosion, fatigue, climate change);
an extension of the service life;
damage as a result of extreme loading events or accidental actions;
concern about design/construction errors or the quality
materials/workmanship.

of

building

The level of detail associated with an assessment can range from whole-line assessment, to
structure assessment, to individual element assessment, depending on the reasons for
performing the assessment. In general, assessments start with a simple non-formal
approach which is typically conservative. If the evaluated load carrying capacity is not
sufficient, the assessment will then progress to more complex measurement based and
model based assessments.
Probability based assessment guidelines have been discussed in this framework.
Approaches for assessing the ultimate, serviceability, durability and fatigue limit states have
been detailed and the required levels of reliability discussed. Physical uncertainty, statistical
uncertainty and model uncertainty were considered. The modelling of uncertainty can have a
significant impact on the results of reliability analysis. Appropriate statistical distributions and
coefficients of variation for each type of uncertainty were discussed.
Load modelling, which is another crucial aspect of probability based assessment, has also
been discussed. Guidelines were provided for the modelling of permanent gravity loads (e.g.
self-weight of structures, tracks and ballast), vertical train loads and various other types of
live loading (nosing, braking & traction etc.). The modelling of resistance variables, which are
equally as important as load variables, was investigated. A detailed summary is provided for
probabilistic modelling of the strength parameters of reinforced/prestressed concrete,
structural steel, masonry and soil.
Probabilistic representation of the deterioration of railway infrastructure has been discussed.
Methods were given for calculating the effect of carbonation and chloride induced corrosion
in reinforced concrete as well as well as corrosion rates in structural steel.
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Appendix A: Bayesian Updating Theoretical Example
A theoretical example is provided here to show how destructive test data may be employed
to update a stochastic distribution for material parameters. In this case, the parameter is the
yield strength of the steel. Reference is made to section 7.3.1 of this document.
Example:
During patch repairs of a 70-year-old steel truss railway bridge, 10 steel samples are
extracted. During an assessment of the structure, it is resolved to perform 10 tensile tests on
the samples in order to assist in deriving a stochastic distribution for yield stress. In the
absence of specific information on the strength of the steel, a prior distribution is derived by
considering various available guidelines. These are listed in Table A1. The values from DRD
(2007) are selected for St 37, since the structure was built before 1941. 3 mean values are
considered for thicknesses, ‘t’, ranging from t ≤ 16, 16 < t ≤ 40 and t ≥ 40. Each value will be
considered as part of the prior distribution. The mean value from JCSS (2000) is based on
the following formula:
𝑓𝑦 = 𝑓𝑦𝑠𝑝 . 𝛼. 𝑒𝑥𝑝(𝑢. 𝑉) − 𝐶

(A1)

Where 𝑓𝑦 is the mean value, 𝑓𝑦𝑠𝑝 is the nominal codified value, taken here as 235 in
accordance with DMRB guidelines (BD 21/01). 𝛼 is a factor taken as 1.0 for all sections
considered in this assessment, 𝑢 is a factor related to the fractile of the distribution used in
describing the distance between the code specified or nominal value and the mean value; u
is taken to be 2.0. V is the coefficient of variation specified as 0.07 in JCSS III (2000).
Finally, the constant C reduces the yield strength obtained from usual mill tests to the static
yield strength. Since the 𝑓𝑦𝑠𝑝 value considered here is taken to be the characteristic code
loading, the 𝐶 factor is ignored. It is considered that the 4 distributions listed in Table A1 will
provide a robust prior distribution of variables, given the information available.
Table A1. Prior distribution information derived from available guidelines
Mean

Standard deviation

(MPa)

(MPa)

DRD (2004)

304, 293, 283

25

Lognormal

JCSS III (2000)

270

19

Lognormal

Reference

Distribution

In order to update both the mean and standard deviation of the yield strength, a 2dimensional Probability Density Function (PDF) is required. In order to derive this from the
parameters listed in Table A1, Kernel Density Estimation (KDE) is employed. Details on the
use of kernel density estimation for derivation of a prior distribution for Bayesian statistics is
found in Leahy et al. (2015). In the KDE method, each sample data point is replaced by a
component density (kernel function), and these densities are then added to form the
complete PDF. Normal distributions are commonly used to represent the Kernels (Leahy et
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al., 2015), but for the current example the lognormal distribution is used in order to match the
input data. It is important to select an appropriate bandwidth (spread) of the Kernels. To find
an appropriate starting bandwidth at the mode of the data, Equation (A2) is used (Scott
1992):
ℎ = 1.06𝜎𝑛𝑝−0.2

(A2)

Where ℎ is the bandwidth, 𝜎 is the standard deviation of the sample and 𝑛𝑝 is the size of the
sample for the prior distribution. It is also possible to vary the bandwidths to allow larger
values far from the mode (Scott, 1992), but this is not done here as only 4 distributions are
used from 2 sources. The prior distribution (PDF) is then calculated by summing the kernels
and normalising to ensure the area under the PDF is equal to 1. Therefore, the prior
distribution for the 2-dimensional PDF of mean and standard deviation is calculated using
equation A3.
𝑛𝑝

𝑃𝐷𝐹𝑝𝑟𝑖𝑜𝑟 = ∑
𝑖=1

𝑓(𝑥𝜇 , 𝜇𝑝𝑟𝑖𝑜𝑟,𝑖 , ℎ𝜇 ). 𝑓(𝑥𝜎 , 𝜎𝑝𝑟𝑖𝑜𝑟,𝑖 , ℎ𝜎 )
𝑛𝑝 𝛿𝜇 𝛿𝜎 Ψ𝑖

(A3)

Where 𝑓(𝑥, 𝑦, 𝑧) in this case denotes the lognormal PDF function of data 𝑥 with mean 𝑦 and
standard deviation 𝑧. 𝑥𝜇 and 𝑥𝜎 are appropriate ranges of mean and standard deviation,
respectively, examined. 𝜇𝑝𝑟𝑖𝑜𝑟,𝑖 and 𝜎𝑝𝑟𝑖𝑜𝑟,𝑖 are the mean values of the mean and standard
deviation, respectively, of prior distribution Kernel 𝑖, as listed in Table A1. ℎ𝜇 , and ℎ𝜎 are the
bandwidths of the mean and standard deviation, respectively, as calculated in equation A2.
The denominator of equation A3 is required to normalise the Kernels so that 𝑃𝐷𝐹𝑝𝑟𝑖𝑜𝑟 sums
to 1.0. 𝑛𝑝 is the size of the sample for the prior distribution (equal to 4). 𝛿𝜇 and 𝛿𝜎 are the
step sizes in the data vectors 𝑥𝜇 and 𝑥𝜎 , respectively and Ψ𝑖 is the sum of the PDF
calculated by the numerator of equation A3. Figure A1 shows a 2-dimensional contour plot of
the prior distribution calculated for the current example.

Figure A1. 2-dimensional PDF of prior distribution of mean and standard deviation
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As stated in Chapter 7.3.1 of this deliverable, the required ‘posterior’ distribution for yield
strength may be determined from:
𝑃𝐷𝐹𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 = 𝑙(𝑥). 𝑃𝐷𝐹𝑝𝑟𝑖𝑜𝑟

(A4)

Where 𝑙(𝑥) is the normalised likelihood function, given the sample data:
𝑛𝑠

𝑙(𝑥) = ∏
𝑖=1

𝑓(𝑥𝑠,𝑖 , 𝑥𝜇 , 𝑥𝜎 )
𝛿𝜇 𝛿𝜎 Ψ𝑖

(A5)

Once again, 𝑓(𝑥, 𝑦, 𝑧) in this case denotes the lognormal PDF function of data 𝑥 with mean 𝑦
and standard deviation 𝑧. 𝑛𝑠 is the number of test samples (equal to 10). 𝑥𝑠,𝑖 are the range of
test sample values. 𝑥𝜇 and 𝑥𝜎 are the same appropriate ranges of mean and standard
deviation, respectively, examined. 𝛿𝜇 and 𝛿𝜎 are the step sizes in the data vectors 𝑥𝜇 and 𝑥𝜎 ,
respectively and Ψ𝑖 is the sum of the PDF calculated by the numerator of equation A5. It is
important that the likelihood function is normalised at each sample point, as very low
probabilities may be recorded far from the mean, and rounding error in some computer
programs may result in zeroing of a substantial part of the likelihood function. The 10 tensile
tests performed provided the following results for yield strength (in MPa): 300, 323, 345, 410,
395, 350, 351, 378, 364, 370. The likelihood function is illustrated in Figure A2. For the
current example, A range of 𝑥𝜇 values ranging from 100 MPa to 500 MPa was examined in a
step (𝛿𝜇 ) of 1.0 MPa. The range of 𝑥𝜎 values examined ranged from 1.0 MPa to 600 MPa
was examined in a step (𝛿𝜎 ) of 0.125 MPa.

Figure A2. 2-dimensional PDF of likelihood function based on test data

The posterior distribution is then calculated as shown in equation A4 by performing elementwise multiplication of the likelihood function by the posterior function and normalising a final
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time as above. Figure A3 shows the two-dimensional PDF plot of the posterior PDF
distribution of mean and standard deviation.

Figure A3. 2-dimensional PDF of posterior distribution

The posterior distribution shown in Figure A3 is a 2-dimensional matrix of probabilities for a
range of means and standard deviations. In order to perform a probabilistic assessment, the
parameters of the most likely distribution are required. Therefore, a 1-dimensional PDF of
yield strength is required. This is calculated as:
𝑛

(A6)

𝑃(𝑓𝑦 ) = ∑ 𝛿𝜇 𝛿𝜎 𝑓(𝑋𝑓𝑦 , 𝑥𝜇 , 𝑥𝜎 ). 𝑃𝐷𝐹𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟
𝑖=1

Where 𝑓𝑦 is the yield strength, 𝑋𝑓𝑦 is the range of 𝑓𝑦 values being considered, 𝑛 is the
number of 𝑓𝑦 samples in 𝑋𝑓𝑦 and all other parameters are as previously defined. Equation A6
may be considered to provide the predictive distribution applicable in probabilistic
assessment. The range of 𝑋𝑓𝑦 values examined in the current example was taken to be the
same as the range of 𝑥𝜇 values previously considered. Cumulative integration of 𝑃(𝑓𝑦 )
yields the Cumulative Distribution Function (CDF) of the data. This can then be used to
generate data or to derive the parameters of the underlying distribution.
The process yielded a final distribution for yield stress having a mean and standard deviation
equal to 339.8 MPa and 27.9 MPa, respectively. The approach developed here is
considered to provide a more accurate distribution for yield strength than that which was
previously available. It is considered that it would be inappropriate to simply fit a stochastic
distribution to the 10 test samples available as the sample size is relatively small. The
procedure described can also be applied to 3-parameter distributions and it is also possible
to apply the procedure to one or more parameters, while keeping the other parameter(s)
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fixed. As part of the DESTination Rail project, software was developed to perform this type of
Bayesian updating for a number of probability distributions.
It is important to note that when performing an assessment with the derived distribution,
model uncertainty should be considered. A low uncertainty may be assumed due to the
availability of test data and robust statistical modelling performed in accordance with DRD
(2004). Figure A4 shows the prior distribution, the likelihood function and the posterior
distribution together for the current example, each showing contours at the same levels of
probability.

.
Figure A4. Prior, likelihood and posterior distributions at equal contours of probability
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